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UNIT ROOT VECTOR AUTOREGRESSION
WITH VOLATILITY INDUCED STATTIONARITY
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ABSTRACT: We propose a discrete-time multivariate model where lagged levels of
the process enter both the conditional mean and the conditional variance. This way
we allow for the empirically observed persistence in time series such as interest rates,
often implying unit-roots, while at the same time maintain stationarity despite such
unit-roots. Specifically, the model bridges vector autoregressions and multivariate
ARCH models in which residuals are replaced by levels lagged. An empirical illus-
tration using recent US term structure data is given in which the individual interest
rates have unit roots, have no finite first-order moments, but remain strictly sta-
tionary and ergodic, while they co-move in the sense that their spread has no unit
root. The model thus allows for volatility induced stationarity, and the paper shows
conditions under which the multivariate process is strictly stationary and geomet-
rically ergodic. Interestingly, these conditions include the case of unit roots and a
reduced rank structure in the conditional mean, known from linear co-integration
to imply non-stationarity. Asymptotic theory of the maximum likelihood estimators
for a particular structured case (so-called self-exciting) is provided, and it is shown
that v/T—convergence to Gaussian distributions apply despite unit roots as well as
absence of finite first and higher order moments. Monte Carlo simulations confirm

the usefulness of the asymptotics in finite samples.
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1 INTRODUCTION AND SUMMARY

This paper presents a new multivariate time series model which captures important styl-
ized facts of the dynamics of term structure data. In particular the model allows for the
typically observed persistence in interest rates often detected as unit-roots in the con-
ditional mean in empirical analyses. But contrary to classic autoregressive models, the
variables here enter the conditional variance as well. This can induce stationarity, such
that despite unit-roots the multivariate process is stationary. In short, the model allows
for co-movement of individual series such that for example spreads have no unit-roots,
while at the same time the individual time series are allowed to have unit-roots and to
be persistent but remain stationary. We present theory for inference as well as discuss
properties of the applied model, and moreover demonstrate by our empirical analysis that
the model captures surprisingly well dynamic features of US term structure data. Regard-
ing the results on inference we show that standard asymptotic inference applies despite
the fact that an immediate implication of the unit-roots present in the model is that the
processes will have fat tails and only finite low order moments.

Our insistence on allowing for unit-roots is based on the rich literature in econometrics
from which it is by now a stylized empirical fact that term structure data, as well as
other financial economic time series, are persistent and appear to have unit-roots when
modelled as autoregressive (AR) processes. However, the implied non-stationarity is often
questioned from an economic, or finance, point of view, and alternative models which
allow unit-root in the conditional mean, but are stationary due to the formulation of the
conditional volatility have been proposed in the literature. A large part of such literature
deals with continuous time models, where a key example is the celebrated Cox-Ingersoll-
Ross model, cf. Cox et al. (1985), where both drift and volatility terms are functions
of the level of the continuous time process. Our proposed model also fits well within
the rich term structure literature, both in continuous as well as in discrete time, see for
example Gourieroux, Monfort and Polimenis (2002), Le, Singleton and Dai (2010) and
Carta, Fantazzini and Maggi (2008) for affine term structure models.

With respect to discrete time series models, the proposed model bridges two differ-
ent time series modeling approaches: co-integration analysis, which is multivariate and
allows for unit-roots or reduced rank, and the more recent double autoregressive modeling,
which so far has been univariate. In the co-integrated vector AR models, see Johansen
(1996), unit-roots, or equivalently, reduced rank in the conditional mean imply that the
stochastic trends are non-stationary and have random walk behavior. This contrasts the
univariate double autoregressive (DAR) models where a unit-root does not necessarily
imply non-stationarity as lagged values of the process enter the conditional variance, see
e.g. Borkovec and Kliippelberg (2001) and Ling (2004). To fix ideas consider initially the



univariate DAR of order one as given by,

Ty =Ty 1+ [\/ Waa + qbimx?l} Zxt) (1)

where 2, is i.i.d. N(0,1), and w,, > 0, ¢>, > 0. Despite the unit-root in the conditional
mean, the process is strictly stationary provided 0 < ¢2, < 2.42, which contrasts the case
where squared lagged differences enter the conditional variance in which case unit-roots
indeed imply non-stationarity, see Lange, Rahbek and Jensen (2011). In terms of our
proposed term structure modeling the univariate unit-root DAR can be thought of as a
model for the short term interest rate, driving the level and volatility of interest rates
with different maturities. Consider thus next y; defined as the spread between an interest

rate with long maturity and the short term rate z;, with the dynamics of y; given by,

Yt = pYi—1 + {\/Wyy + qﬁ;yy?fl + Qﬁzxt{l Ryt (2)

with z, i.i.d. N(0,1), and wy,, gbzy, gbzx > 0. This way, the lagged short term rate x,
enters as a variance factor of the spread y;. That is, a stationary factor with a unit-root
enters the conditional variance of the spread, where if |p| < 1 the interest rates are co-
moving. Note that in terms of the affine term structure framework of Le, Singleton and
Dai (2010) also the joint process (y:,z;)’ can be used as a multivariate (unobservable)
factor.

Within the unit-root and co-integration literature much attention has been devoted to
the inclusion and role of constant terms. A key problem in this strand of literature is that
a constant term g may induce a linear trend due to the implied aggregation as caused
by the unit-roots. This has lead to various ways of including restricted constants, and
other deterministic terms, in multivariate co-integrated vector AR models, cf. Johansen
(1996). However, as we show below, we do avoid such issues here and can include an
unrestricted constant vector y in our multivariate model. This is novel in the framework
of nonlinear time series. In terms of (1), we show that adding a constant term, yu, say, on
the right hand side does not imply a linear trend, nor that the properties of x; in terms
of stationarity and (geometric) ergodicity are changed, despite the unit-root in x;.

For an introduction to the recent univariate DAR models, inference and estimation
have been explored for univariate DAR models in Ling (2004, 2007) and Ling and Li
(2008), while extremal and tail behavior have been analyzed for DAR models of order
one in Borkovec (2000), Borkovec and Kliippelberg (2001) and Kliippelberg and Perga-
menchtchikov (2004). As also used in the mentioned references DAR processes with
Gaussian innovations may be restated as random coefficient autoregressions (RCAR), for
which Aue, Horvath and Steinebach (2006) and Berkes, Horvath and Ling (2009) provide
results, as well as key references, on estimation and inference. In fact, the RCAR ap-

proach is applied in Fong and Li (2004), where co-integration is discussed with random
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coefficients. The parametrization in Fong and Li (2004) of the conditional variance is
quite different when compared to ours, and moreover Fong and 1i (2004) apply a local
approach where the conditional variance parameters loading the levels vanish at the rate
of T, where T denotes the number of observations. Kliippelberg and Pergamenchtchikov
(2007) study extremal behavior of a class of multivariate RCAR processes with finite
second order moments, which excludes the unit-roots which is a main interest here.

The paper is structured as follows: In the next section we describe in detail our pro-
posed multivariate model. The model is a vector AR model with reduced rank structure
in the conditional mean, allowing for unit-roots, while the conditional variance is cast in
line with multivariate BEKK ARCH models but in levels. Next, we derive conditions for
stationarity, geometric ergodicity and existence of moments, where it is emphasized that
the unit-roots imply that the process in general, while being stationary, will only have
finite small order moments. Asymptotic theory of the maximum likelihood estimators for
the applied US term structure model is given. It is found that despite the fact that the
processes lack finite even second and first order moments, maximum likelihood estima-
tors (MLEs) are asymptotically standard VT —Gaussian distributed, which is supported
by Monte Carlo simulations. Observe that our focus is on the Markovian case of one
lag in the conditional mean and variance; in the last sub-section we discuss the general
non-Markovian case of further lags as well as other extensions left for future research. It
is important though to stress that we found for the US term structure application the
Markovian case to be sufficient.

Throughout, the following notation is applied: The symbols L and 5 are used to
indicate weak convergence and convergence in probability, respectively. For any p x r
matrix « of rank r, r < p, let oy denote a p x (p — r) matrix whose columns form a
basis of the orthogonal complement of span(a). For any square matrix A, |A| denotes the
determinant, p (A) denotes the spectral radius, while | A|| denotes the norm of A, where
the Euclidean norm is given by||A||* = tr { A’A}. We furthermore apply the non-standard
notation A*? := AA’. Finally, for any matrices A and B, (A ® B) is the Kronecker
product.

2 THE REDUCED RANK AR MODEL WITH VOLATILITY
INDUCED STATIONARITY

As explained in the introduction we wish to formulate a multivariate AR model which
on the one hand allows for unit-roots in the conditional mean, while at the same time,
allows levels to appear in the multivariate conditional ARCH part, which — possibly —
induce stationarity. The model is notationally a little involved, and we discuss therefore

in separate steps the conditional AR mean and the conditional ARCH parametrization to



allow for level induced stationarity. As mentioned we study the Markovian case here, and
discuss the non-trivial extension of the model to the non-Markovian case in Section 6.

Consider first the conditional mean part:

2.1 CONDITIONAL MEAN

Consider the p-dimensional vector autoregressive model of order one with a constant term
as given by,
1/2
Yi=p+®Y, 1 +n, n :Qt/ 2t

where ® is (p x p)-dimensional, u is p-dimensional and z; i.i.d. N(0,,) such that €, is
the conditional variance of Y;. Before specifying the parametrization of the conditional
covariance (), we note that & > 1 unit-roots in the autoregressive polynomial, A (z) :=
I,—®z, z € C, implies that II := ®— I, has reduced rank, » = p—k, under the well-known

assumption:

Assumption 1 With A(z) =1, — ®z, z € C, assume that |A(2)| = 0 implies that there

are k roots at z = 1, while the remaining roots are larger than one in absolute value.

As applied repeatedly in co-integration analysis, the reduced rank r of I can be para-

metrized explicitly,
1= Oéﬁ/ = Zai627
i=1

where «, 3, are p-dimensional vectors, i = 1,2, ..., and o = (a1, ..., a;), 5= (B, .., 5,)
Thus we may rewrite the vector AR model, using Il and first order differences AY; =
Yt - Yt—l;

AY; =p+afYr+e, e=9"% (3)

Next, observe that under Assumption 1, the following skew-projection identity from Jo-

hansen (1996) applies,
IP - BJ_@J_O/L + a56/7 (4)

where ooy = (a1 1,..,a1) and B, = (B,4,...,0. ), both of dimension (p x k), and
where 3, , =, (o/lBL)*l and ag == « (B’a)_l. Use the skew-projection to decompose
Y; as follows,

Y, =810, 1Y+ asfYs (5)

By pre-multiplying in (3) with o/, it follows that the k-dimensional process, o/, Y}, is a
unit-root process, and the k linear combinations o/, Y; in (5) are common stochastic unit-
root factors which are loaded by the matrix 3, , into Y;. Likewise, pre-multiplying with
B in (3) gives, B'Y; = B'u+ (I, + f'a) B'Y;_1 + B'e;. That is, the r linear combinations



in the conditional mean, the conditional mean relationships, 5'Y;, are autoregressive with
no unit-roots; we say that they co-move.

Observe that as mentioned it is customary in co-integration analysis to consider re-
strictions on the constant vector p to avoid the implied aggregation, and hence linear
deterministic trend, arising from the reduced rank of II. Despite the fact that o/ Y; in-
deed have unit-roots here these turn out not to imply aggregation of u, see Theorem 1;
this is due to the fact that the lagged levels enter the conditional variance to be defined

next.

2.2 CONDITIONAL VARIANCE

We propose a version of the BEKK ARCH model of Engle and Kroner (1995) for €, in
(3) as it fits well our US data application. Naturally alternative choices for the functional
specification of €; could be chosen by replacing lagged residuals (here 7,) with Y; in the
rich class of multivariate ARCH formulations, see e.g. Bauwens, Laurent, and Rombouts
(2006) for a survey of multivariate ARCH specifications. While such constructions appear
straightforward, we emphasize that each of these choices require separate treatment as
the different specifications will have different implications for the properties of the model.

Consider initially the unrestricted BEKK ARCH model of order h from Engle and
Kroner (1995) as given by,

Q=0+ (A4Y1), (6)

i=1
where A; are (p X p) matrices and €2 > 0. Observe that in the BEKK ARCH model, the
conditional variance is represented in terms of sums of squared terms and cross-product
terms are omitted. The unrestricted BEKK ARCH is discussed in detail in Engle and
Kroner (1995), including identification and generality of the parametrization in (6). While
one can indeed apply this directly, we propose more structure to the BEKK ARCH such
that the impact of the linear combinations 4'Y;_; and /| Y;_; in the conditional variance
is transparent as in the factor-ARCH models discussed in inter alia Bauwens et al. (2006).
To do so, we use the skew-projection (4) again, which can be used to rewrite any (p x p)-

dimensional matrix ¢, as follows,

6= |05+ B, b0,y 8+ [BLa, Ga,a, +ss0,] AL (7)

where ag (p x r) and 3, , (p x k) are defined in (4), and ¢45 := S'¢ag (1 X 7), ¢, , =

) alg
o G0 (1 X k), G o, = 01081 o, (kx k) and finally, 6y, = B'08, , (r % k).
Using (7) in (6) and omitting cross-product terms, the suggested conditional covariance



parametrization is then given by,
, %2 , X2
O = Qo (03038 1) + (Bro, G0, 850
2 2
+ (6L,QL¢0¢L0¢LO{/J_Y;—1)X + (Oéﬂgbﬁouaﬁ_y;—l)x . (8)

With €2, given in (8), we have imposed a structure which allow the lagged unit-root
factors o ;1 as well as lagged conditional mean relations B'Y,_; to enter the conditional
variance of Y;. More precisely, the role of the parameters ag and 3, , are to load the
factors 3'Y;_; and /| Y;_; in the conditional variance of the linear combinations (3'Y;
and o/, Y; respectively, as follows from using o/, as = 0 and ' La, = 0; and hence the

remaining parameters ¢,., 1,7 = a_, 3 provide the "magnitude" or "size" of the loaded

YR
factors in the conditional variance.

We add more structure by setting ¢, . = 0 in (8),

Q=0+ (500 Yi1) ™ + (Bl aa, 01 Yirt) ™+ (@30, 1Y)

(9)

This further structure has the immediate implication that the k stochastic common fac-
tors o/, Y; have k unit-roots and a conditional variance driven solely by their own past
values since o/ ag = 0. That is, in (9) the conditional mean of o/| AY; is o/, y, while the

conditional variance is given by,

X2
o Qo = Qay + (g, 0,0 Y1) .

On the other hand the conditional covariance of 3'Y; is driven by their own past 5'Y;_;
as well as the common unit-root factors o/, Y;—;. We shall say that in this case, the k
stochastic factors, /| Y;, are self-exciting, while 8'Y; are not. It is this version of the
model which we successfully apply to the US term structure, and indeed find that the
short rate is a self-exciting stochastic factor driving (parts of) the term structure. It
is important to underline that while o/, Y; marginally is a multivariate unit root DAR
process, the model does not exclude covariation in the sense that the conditional covari-
ance, Cov ('Y, o\ Y, | Yi_1) = f'Qa is unrestricted since Q is in (9). That is, it is indeed

a multivariate model.

2.3 PARAMETERS OF THE MODEL

For the statistical analysis the general model given by (3) with €, in (8) or (9) is over-
parametrized as § and a (p X r) as well as oy and 3| (p x k) are not identified without
imposing just-identifying restrictions. As an example, one can apply the classic identi-
fication schemes well-known from co-integration, see Johansen (1996), where identified

versions of 3 and « are given by,
B.:=p8(R)" and a.:=a(fc), (10)
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with ¢ a known (p x r) matrix. Likewise, one may apply identified versions of §, and o

as given by,

Brei=(p—cf)er and av.i= (L= B (al,) " al) By (11)

With this, or some other identification scheme, the parameters of the model are given by
o, B, ayr, B, and Q > 0, in addition to the loadings in the BEKK variance, ¢4 (r X 7),

Gary (K XT), &g 0, (kxk)and ¢g, (rxk).

3 STATIONARITY AND GEOMETRIC ERGODICITY

We discuss here under which assumptions of the parameters the conditional mean relations
B'Y; are stationary and geometrically ergodic, while also Y; despite its unit-roots in the
characteristic polynomial is geometrically ergodic. As emphasized this is different from
co-integration where the unit-roots imply that Y; is non-stationary, which again leads to
asymptotic distributions of parameter estimates characterized by Brownian motions. Here
the unit-roots imply ergodicity, but at the same time the processes cease to have finite

even small moments and hence imply heavy tails in Y;.

3.1 AR BEKK MODEL

We start by formulating a general result regarding stationarity and geometric ergod-
icity in the AR model with unit-roots in the conditional mean part, and the general
BEKK ARCH € in (6) which embeds the restricted parametrizations in (8) and (9),

r h
AY, = p+ Y iV + %%, Q=0+ (AY)?, (12)
i=1 i=1
with z ii.d. N(0,I,). Following this we provide more details for the case applied in the
empirical example, where the stochastic factors are self-exciting, see (9).
Our first result states as claimed conditions under which, despite the reduced rank,

the process Y; is stationary and geometrically ergodic:

Theorem 1 The process Y; given by (12) is stationary, and geometrically ergodic, if the

associated top Lyaponov coefficient is strictly negative, that is,

< 0. (13)

q
[1Q
t=1

v := lim [lElog
g—oo | 9

Here Q; := (I, + af' + ¢) and ¢ is (p X p) —dimensional i.i.d. Gaussian with mean zero
and a covariance structure defined by E (e, ® €,) = S (A; ® A;) .



We emphasize that while the characterization here of stationarity of Y; for a given
set of parameters is implicit, the parameter set for which (13) holds is non-empty, as
can be illustrated by simulations described below. We discuss this in more detail for the
structured model where the conditional variance is parametrized such that the stochastic
factors are self-exicing.

The proof of Theorem 1 is located in Appendix A and is based on rewriting the
multivariate process as a random coefficient autoregressive process and application of the
drift criterion from Markov chain theory, see also Ling (2007) where a similar approach is
used for univariate DAR models of general order. The proof, and hence Theorem 1 is not
simple to generalize to other of the existing general covariance structures from multivariate
ARCH in Bauwens et al. (2006), as many of the non-BEKK models, including the constant

conditional correlation model, can not be written on random coefficient form.

Remark 1 Computing the Lyaponov coefficient in (13) by simulation, one may use that,

as also noted by several authors, see e.g. Ling (2007) and Francq and Zakoian (2010, The-

q

IT@

t=1

v = lim [1 log
g—oo |4

orem 2.8). There is a rich and general literature on efficient computation of log ||[[1-, Q.||
and hence 7. In the illustrations of this paper we applied ideas from Dieci and Van Vleck

(1995), where QR-decompositions are considered.

Remark 2 The classic co-integrated AR model is obtained with A; = 0, in which case
it is well-known that Y; is non-stationary. This conforms with our result as in this case

Q: = @ is non-stochastic, and under Assumption 1,

=logp(Q) =0.

1o
t=1

v = lim %log
g—o0 1

Note also in this respect, that with v = 0 then, contrary to the case of v < 0, the constant

term 11 accumulates and generates a linear trend in the o'\ Y; process.

Remark 3 From Xie and Huang (2009, equation 1.2) it follows that Y; has finite §'th

order moment, E||Y;||° < oo, if the moment Lyapunov coefficient p; < 0 where ps :=
: 5
lim, e [110g B |[T, Qi)

Remark 4 As used in Kliippelberg and Pergamenchtchikov (2007), the general Lyapunov

condition (13) is implied by the more explicit criterion,

p(E(Q:® Q) < 1. (14)

However, this is a strong assumption for the multivariate case, in the sense that it implies

that not only is Y; geometrically ergodic but also that it has finite second order moments,
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E|Y:|]> < co. Moreover, by definition this stronger assumption does not allow for unit-
roots in A(z), or equivalently the reduced rank of 11, 11 = af3’, and hence cannot be used

to verify stationarity of Y; under Assumption 1.

3.2 SELF-EXCITING STOCHASTIC FACTORS

When turning to the more structured case where the stochastic factors of the model,
(o/L jY;)j: Lo e self-exciting much more can be said in terms of verification of geometric
ergodicity. In addition to results for the self-exciting case, we propose a further reduction
of the model, which we label as separability. Under separability we may have that the

conditional mean relations (/3.Y;) . are stationary with finite second order moments,

i=1,..,
while the stochastic factors do not have any finite moments.
Consider the p-dimensional process Y; as given by (3) and (9) with self-exciting factors

which we re-state here,
AY; = ptafYea +m, n= 0z, (15)

Q= Qt [a30558'Yi] " + [asdpa, 1Y)+ [BLa 00,0, 0 Y], (16)

using the already applied convention that a, = a (¥ a)fl for any (p x m) matrices a,b
such that b'a has full rank. The next theorem states that Y; in this self-exciting case is
stationary as induced by the conditional volatility. Moreover, the condition for stationarity
does not depend on the contribution from the term [ozﬂgbﬁa N O/LY;_J *?_ Stated differently,
whatever the value or size of ¢4,  is, while the individual realizations of Y; will vary with
®pa, » the conclusions regarding geometric ergodicity and stationarity remain unaffected.

Thus we consider the following regularity conditions:

Assumption 2 Define o, = I, + f'a+ €}, and v, = I, + €/, where €} and € are
independent and i.i.d. Gaussian distributed, with mean zero and covariance structure
giwen by E (€] @ €f) = (¢35 ® ¢33) and E (6] @ €]) = (¢n, 0, @ Pa,a,) - Assume that,

Ao 1= qli_}lgo {%Elog

q
H Ot
=1

] <0 and A, := lim [%Elog
q—00

q
H Ve
=1

1 <0. (17)

One may observe that g, corresponds to a RCAR model for 8'Y; without the o/, Y;
process, and in this sense the assumption addresses a "skeleton" process for 3'Y;. The
fact that o/, Y, is self-exciting means that 7, simply is the RCAR coeflicient for this process.
Note also that the covariance €2 in €2; plays no role in the determination of the stochastic
behavior.

Thus the next theorem shows as claimed that ¢z, play no role for the dynamic
properties of Y;. The proof is given in Appendix A and is based on application of a novel

drift-function for the drift criterion from Markov chain theory:
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Theorem 2 Under Assumption 1 and Assumption 2, the p-dimensional process Y; in
(15)-(16) is geometrically ergodic, and has a stationary representation with E ||Y;||° < oo,
for some small 6 € (0,1).

Next, we consider the mentioned concept of separability, by this we mean that ¢4, =0
in (16). That is, 3'Y;; enter the variance only in the linear combinations 3'Y;, and
likewise for o, Y;. Note though that 2 is not restricted to be block-diagonal. In the case

of separability we observe:

Corollary 1 Assume that Assumptions 1-2 hold such that the p-dimensional process Y; in
(15)-(16) is geometrically ergodic. Assume furthermore that we have separability, ¢4, =
0, and that

p(E (e, ®0,)) <1

Then the conditional mean relations B'Y; are geometrically ergodic and strongly mixing

with geometric rate. Furthermore, they have finite second order moments, E HB'YtHQ < 00.

Remark 5 Regarding tail and extremal behavior of the r-dimensional process, 3'Y;, some
further results can be deduced from Klippelberg and Pergamenchtchikov (2004, 2007) under
the assumptions in Corollary 1 of separability. In particular, they find under reqularity
conditions (Klippelberg and Pergamenchtchikov, 2007, condition Hy), that the tails may
be characterized as Pareto-like, that is, the conditional mean relations 3'Y; here have finite

second order moments and a tail index kg > 2.

Remark 6 Regarding tail and extremal properties of the k-dimensional stochastic factors,
o\ 'Yy to our knowledge no results are known for k > 1, while for k =1 these are studied in
detail in Borkovec (2000) and Borkovec and Klijppelberg (2001). In particular, Borkovec
and Kliippelberg (2001, Proposition 2) implies Pareto-like tails with index ko, < 2 such

that kg > ko, as expected.

4 ASYMPTOTICS

As mentioned in the introduction we derive the asymptotics for the bivariate model, which
is the model applied in the empirical illustration. In particular it is shown that classic
VT —convergence to Gaussian distributions apply to all estimators including the reduced
rank parameter (3, despite the implied heavy tails of the process Y;. A small Monte Carlo
simulation study in Section 4.1 illustrates that the Gaussian approximation works well
even for smaller, or moderate, samples such as T" = 200, 400.

The empirically applied bivariate model with a self-exciting factor is given by,

AY, = p+afYei+mn, n=0"% and (18)
O = Ot [aadss0Yia] 4 [0500, Vi) + [B10, e, @1 Y]

11



where z is i.i.d. N(0, I;). With a = (a,0)" and 3 = (1,b)’, the parameters of the model,

2
o)

denoted 0, are given by u = (uq, pt5)’, the scalar parameters a, b, ¢%B, qﬁ%%, and ¢

as well as the positive definite covariance matrix,

w1 W
O — Wiz ) 0,
Wiz Wa2
Thus with the parameters given by,

0= {a,b,,u, Qu ¢%67¢%QL7¢3LQL}7 (20)

the log-likelihood function to be maximized equals,

T

T
L(0) =Y 1:(0)=—3> [log|Quol +tr {Qgngnis}], (21)
t=1

t=1
where the notation 7, y = (AY; — u— af'Y;_;) and ;¢ is used to emphasize that 7, and
), are functions of 6.

The result in Theorem 3 states that despite the lack of finite low order moments
of Y;, the ML estimator 0 is indeed asymptotically Gaussian distributed. The proof is
given in Appendix B, and is based on deriving properties of the score, information and
third order derivatives of the log-likelihood function in order to use Jensen and Rahbek
(2004, Lemma 1). The findings are in line with known results for univariate models,
such as in Jensen and Rahbek (2004) where it is shown that the (G)ARCH parameters
are v/ T-consistent despite lack of finite moments of the GARCH process, as well as Ling
(2004, 2007) for univariate DAR models. However, univariate results do not necessarily
generalize to multivariate cases. Specifically, for the BEKK model, being the multivariate
generalization of the univariate ARCH model, the findings in Avarucci, Beutner and
Zaffaroni (2012) demonstrate that high order moments of the BEKK processes are needed
in general for v/T-Gaussian inference to apply. Our contrasting results below reflect that
Avarucci et al. (2012) study the BEKK model with no conditional mean, and therefore
our results show that by combining (a restricted) BEKK structure for the conditional
variance and a reduced rank AR structure for the conditional mean, a different model,

and hence inference, results despite the apparent similarities.

Theorem 3 Consider the bivariate model in (18)-(19), with z i.i.d. N(0,Is), and para-
meters given by 0 in (20). Then under Assumptions 1-2 and for 0y satisfying gb?jyo >0
fori,j = B,ay, Qo > 0, and |Qp] > 1 > 0 for some constant 1, there exists a fixed
open neighborhood N (0y) of the true value 0y such that with probability tending to one as
T — oo, L(0) has a unique maximum at 0. Moreover, 0 is consistent and asymptotically

Gaussian,

VT (9 _ 90) DN (0, 540),

with g9 consistently estimated by the observed information evaluated at 6 = 0.
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Remark 7 The regularity conditions assumed to hold include Assumptions 1 and 2, in
addition to qb?j’O >0 fori,j = B,a1, Qo > 0 and |Q| > ¥ > 0 for some constant 1.
That gzﬁfj’o > 0 holds corresponds to the assumption in classic ARCH literature of positive
parameters, or equivalently, that ARCH effects are present, see for example Francq and
Zakoian (2010). That €y is positive definite and satisfies that the determinant is bounded
away from zero is a regularity condition applied, and also discussed in detail, in Comte
and Lieberman (2003) as well as Jeantheau (1992), from where the regularity condition
originates in the ARCH literature. It implies for example that |Qy| > 1, cf. Appendiz B.

4.1 SIMULATION STUDY

To illustrate the usefulness of the derived asymptotics for the estimators, we perform a
small Monte Carlo simulation®. The data generating process is given by the model in (18)-
(19), with parameters ¢y given under Figure 1. The observations Yy, for ¢t = 1,2,..., T,
are generated based on pseudo-random draws for z; i.i.d. N(0, 5), and sample lengths of
T =200 and 7" = 400 are considered.

For estimation we parametrize 2 > 0 using a Choleski factorization Q2 = C'C’, and
report results for the parameters ¢y > 0, 19 € R, c99 > 0 in the lower triangular C'.

Figure 1 (A)-(I) report kernel estimates of the densities of the ten estimators based
on 10* Monte Carlo replications. For a sample length of 7' = 400, the kernel densities are
quite close to a Gaussian reference distributions with matching mean and variance, and
the derived standard asymptotics seem to apply without problems.

For a small sample of T" = 200, the Gaussian approximation is still useful for most
parameters. A small deviation is visible for &56, where there is a minor probability mass

at zero. The Gaussian approximation is also less accurate for fi, and ¢os.

5 EMPIRICAL APPLICATION

To illustrate the use and interpretation of the model, consider a bivariate data set for
monthly US interest rates, 1981:1-2006:12, covering the short end of the yield curve. The
variables considered are the yield of a one year maturity zero coupon bond, Yj;, and a
three month treasury bill rate, Y5;. The time series are illustrated in Figure 2 (A), while
the spread, Y3; — Yo, is given in Figure 2 (B). Figure 2 (C)-(D) show the first differences,
where a pronounced heteroskedasticity is observed.

We estimate the model in (18)-(19) with z; i.i.d. N(0, I3). As in the simulations, we
apply a Choleski factorization for €2 > 0, and we thus estimate the parameters a, b, u,

Q= CC" and ¢, i,j = ,1. Estimates and standard errors are reported in column (7)

'Numerical calculations are done using Ox 6.30, see Doornik (2007).
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Figure 1: Kernel density estimates of the simulated distributions of the estimated pa-

rameters. Simulations are based on T = 200 (red curve) and T = 400 (green curve)

observations and 10* Monte Carlo replications. Thin black curves represent Gaussian dis-

tributions with matching mean and variance, and vertical lines indicate the true values in

the data generating process. The parameters are given by a = —0.5, b =0, p; = py = 0.2,
wir =1, wig = 0.5, wae =1, ¢g5 = 0.5, and ¢g,, = ¢, o, = 0.25.

of Table 1.

First, we note that the estimate of b is extremely close to minus unity, suggesting
that the conditional mean relationship, 3'Y;, is actually the interest rate spread. Testing
the spread hypothesis, b = —1, produces Wald and likelihood ratio statistics of 0.019
and 0.030, that are far from significant in the limiting x?(1) distribution. Imposing the
restriction produces the estimates in column (ii) of Table 1, and we note that estimates for
the remaining parameters are basically unchanged. Below we continue the interpretation
based on the restricted model in column ().

An immediate implication of the restricted model is that the interest rate levels, Y7;

and Ys, are unit root processes whereas the spread, 3'Y; = Yi; — Ya;, is not; the estimated

14



(A) Interest rate levels (B) Spread
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Figure 2: Monthly US interest rates, 1981-2006.

adjustment coefficient towards the conditional mean relationship, a = —0.16, is clearly
significant.
Next, note that the parameters in the conditional variance, ¢z5, ¢4, , and ¢, , are

all significantly different from zero. The self-exiting factor is the short rate, o/, Y;, which
is a unit root DAR. In contrast, the conditional variance of the spread, 3'Y;, is driven
by the squared self-exciting short rate and the squared spread itself. Also recall that the
model allows correlation between the short rate, o, Y;, and the spread, 5'Y;.

The estimated conditional variances of Yj; and Yy, i.e. the diagonal elements in €);,
are shown in Figure 3 (A) and (B), and, not surprisingly, the patterns share similarities
with the short rate. Figure 3 (C) and (D) show the estimated residuals, 7),, while (E)
and (F) present the standardized residuals, Z;. Note again the pronounced conditional
heteroskedasticity, which is to a large extend accounted for by the model.

To assess the stationarity and discuss the dynamic properties of the conditional mean
relationship, 5'Y; and the self-exiting factor, o/ Y;, we calculate the Lyapunov exponents
based on the random coefficient autoregressive representation of the bivariate system,
and it is convenient to consider the system multiplied by (5',a/,)". A direct application
of Theorem 1 would lead to computing the top Lyapunov coefficient of the RCAR model
with Q; = Q + €, with Q = diag (0.840, 1) and the variance of ¢, given by

01732 0 0 0.0242
0 00 0
Ela®e)= o o0 o |
0 0 0 0056
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0) (é4)

Baseline Restricted

a —0.1627 —0.1600
(0.0436) (0.0348)

b —1.0042 1

(0.0305)

1y 0.0822 0.0839

(0.0247) (0.0224)

Lo 0.0030 0.0030

(0.0128) (0.0128)

(0.0191) (0.0191)

C12 0.0364 0.0365

(0.0223) (0.0223)

C2 0.0677 0.0676

(0.0182) (0.0181)

0.1770 0.1733

Pss (0.0375) (0.0202)

0.0243 0.0242

o (0.0035) (0.0032)

0.0563 0.0561

Pasa, (0.0044) (0.0045)

L(d) —16.5021 —16.5169

Table 1: Estimation results for the model in (18)-(19). Standard errors in parentheses.

or alternatively, that E (vec () vec(e)) = diag(0.173%,0,0.024%,0.056%). Direct com-
putation of the matrix product in (13) is numerically instable because the Lyapunov
stability condition implies that the matrix product converges to zero exponentially fast.
Instead, we follow Dieci and Van Vleck (1995) and note that the two Lyapunov exponents,
characterizing the dynamics of the system, can be found as the log of the eigenvalues of
A = limg oo ([T, @) (TTZ, Q1)) 2. An efficient and numerically stable algorithm can
be implemented using a sequential QR-decomposition of the matrix products, see Dieci
and Van Vleck (1995, Section 2.1). For the estimated system, the two simulated Lyapunov

exponents based on g = 108 random matrices, Q;, t = 1,2, ...,q, are given by

~

Ay = —0.19728 and A, = —0.00158,
(0.04218) (0.000257)

where numbers in parentheses are standard errors based on numerical delta method. By
Theorem 2, the top Lyapunov coefficient 4 = max(jxg, 5\7) = j‘v is associated with the self-
exiting stochastic factor, z; = o/, Y;, while the smaller Lyapunov exponent, 5\9 = —0.19728,
is associated with the conditional mean relationship, y; = 3'Y;. Both are significantly
negative, implying stationarity and ergodicity of both series despite the presence of a unit
root. In addition we note that 5\9 << 5\7, reflecting that the non-unit root spread visually

appears to be much more stable than the short rate.
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(A) Conditional variance, long rate (B) Conditional variance, short rate
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Figure 3: Conditional variance and residuals.

6 EXTENSIONS AND CONCLUDING REMARKS

To summarize,we propose to study the multivariate model given by (3), AY; = af'Y; 1 +
1+ %z, with a structure imposed on ; as in (8) or (9). We derive conditions for
geometric ergodicity and establish that for the empirically applied bivariate model classic
VT -asymptotics hold.

An immediate extension is to include more lags. One may consider the reparametrized
p-dimensional vector autoregression of order m say with conditional heteroskedasticity,

m—1
AY, =afYiq+ Y DAY i+n, n,=97% and t=1,.T (22)
i=1
with 2 iid. N(0,1,) and «,f as before, while (I';),_, , , are (p x p) matrices. The
conditional covariance €2; in the simplest case of the BEKK ARCH(m) is parametrized as
a function of lagged levels Y; and differences AY; as,

m—1

Q=0+ <¢yyY¥—1) 1 Z (%y,iAY;t—i) 2, (23)

i=1
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where € > 0, the parameters ¢,,, (qb(;y’l-) 11y A€ (p X p) matrices and the initial
values Yy, AYp, ..., AY_,, 1 are fixed in the statistical analysis of the model. The regularity
condition in this case replacing Assumption 1 is given by replacing A (z) by A,, (z) =
(1—2)I,—afz— 3" "T; (1 - 2) 2, see Johansen (1996). As to restricting further the
model in line with the discussion of the Markovian case, while in principle straightforward
in terms of parametrization, we refrain from this here as alone the results on geometric
ergodicity at this stage can be generalized. Note finally, that it seems likely that due
to the complications of such further added parameters, one should apply bootstrapping
rather than classic asymptotic inference, as also used in Cavaliere, Rahbek and Taylor

(2010, 2012) for co-integration analysis under heteroscedasticity.
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APPENDIX

Throughout the appendix we use C and x to denote generic positive constants.

A GEOMETRIC ERGODICITY

Proof of Theorem 1: The process Y; in (15) is a Markov chain, and the drift criterion
from Markov chain theory, see Bec and Rahbek (2004), can be used to establish geometric
ergodicity and stationarity of Y;. Observe that the process Y; in (12) can be rewritten as

a random coefficient vector autoregression,
Y;S = U+ QtY;‘,fl + gtu

where &, is1.1.d. N(0,Q), with Q; := (I, + af’ + ¢) and where ¢; is a (p x p) —dimensional
Gaussian i.i.d. mean zero and a covariance structure defined by E (¢; ® €;) = Z?:l (A ®A;).
Furthermore, £, and ¢; are mutually independent. By Tjgstheim (1990) a drift function
dy (-) can be applied to the k—step process, Y}, rather than Y; itself, where

k—1
Yie = Quut,k) Ye(—1) + Z Qi) (€th—j + 11) »
=0
using the notation Ay ;) = A;A,_i---Ay_(j_1) for any t-indexed square matrix A, and

J > 1, while Ay o) := I. An identical recursion is also used in Ling (2007, equation (A.9)),
with the exception of the extra term here due to the constant vector p here. With drift
function, d, (y) = 1+ ||y||° ,where § > 0 is chosen appropriately below, it follows as in
Ling (2007, (A.3)) that we can choose 6 € (0,1) and k such that E |{Q(kt7k)|{5 < 1. This

we use here to see that u plays no role in the argument as we get,

E(dy(Yi) | Yig—r)y =y) < E ||Q(k:t,k:)||6 lyll° +C.

Hence with M some constant, and for d, (y) > M, we have

8
g u E||Quen || lvl’+c
B Q[+ ¢ = [l ) 4 ) <

where p is some constant with |p| < 1. Thus Y; is stationary and geometrically ergodic,

]<0.

provided
q

[T

t=1

%E log

~v:= lim
q—00
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Proof of Theorem 2: As in the proof of Theorem 1, observe that the process Y; in (15)
is a Markov chain, and the drift criterion can be used to establish geometric ergodicity
and stationarity of Y;. We do so in three steps: First, we define Z, as Y; appropriately
rotated, and rewrite Z; as a random coefficient autoregression. Second, as before using
Tjostheim (1990), the k—step process, Zj; rather than Z; itself is used for the inspection
of the drift criterion. Third, for the drift criterion a new drift function is applied to Zj;
which exploits the multivariate structure of Z;, and hence Y;. We set 1 = 0 without loss
of generality as it plays no role in the derivations, see the proof of Theorem 1.

It follows immediately that the Markov chain Z, = (v, 2})" = (3, a.)"Y; has the same

transition density as the random coefficient process given by,

Zy =87, 1 +¢, where &, = ( %t & > ) (A1)
Ve

Here ¢ = (€, e;7t)/ is iid. N, (0,(8,1)' Q(B,a1)) and independent of the i.i.d.
Gaussian (p X p) matrix sequence ®;. The g, (r xr), &, (rxp—r)andy, (p—r xp—7)
are all independent and i.i.d. Gaussian, with g, and ~, defined in Assumption 2, while
Evy=0and E(v, ®7y) = (lp—r ® Ip—r) + (gbou_ou_ ® ¢0u0u) .

Now, Z; satisfies the regularity conditions such that the drift criterion can be applied
and we apply a new drift function to the k—step process, Zx;. The new drift-function d (-)
is given by,

d(z)=1+|y)’ +cl|’,

where § and ¢ are constants chosen appropriately below. More precisely, we show that

with 0, c and M appropriately chosen constants, then for d (z) > M,

where ¢ < 1, while for d (2) < M the conditional expectation is bounded.

Now from the definition of Z; we have as in the proof of Theorem 1,

k-1
Zit = Pt k) Lr(t—1) + Z D (11 ) Eth—j-

J=0

Next, by definition of ®; in (A.1), for j > 1,

oury (t.4) !
(I)(kt,j) = N , & = Z Q(t,m—1)’ft—(m—l)’Y(t—m,j—m)
) ot

while ®(; o) = I, implies ¢80 =0 (r x (p—r)). We thus find, with z = (/,2/)
E(d(Zu) | Zuay = 2) =1+ E (lnall’ | Zuey = 2) + B (lowal | Zuony = 2)
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where,

)

N

-1

5 ‘
E (HyktH | Zie—1) = Z) = E 1 0urmy + Rz (Q(kt,j)ey,tkfj + g(tkd)ex,tkfj)

<.
Il
o

é
< Blagui” vl + B[] 21 + ¢

k—1 8

V(thk)T T Z 7V (tk,5) € th—j
=0

B (lall’ | Zogry = 2) = E < B ||l 21l +C.

Collecting terms, we thus find

_ 5+ B oo | w12+ (B[00 B[y iy || el
E(d(Z) | Zyr) = 2) < [ Tellel™ P d(z).

Since (17) are assumed to hold, then as established below, one can choose some small
positive 9, 0 < § < 1, and k large enough such that, £ Hg(tkk)Hé <land F H’y(tkk)Hé < 1.

5
This again means that, £ Hg(tk’k) H +ck |h(tk7k) H6 < ¢, provided c is chosen such that,

| m]|°
1=E|[ven |
Hence for some M > 0, d(z) > M, then E (d(Zkt) | Ze—1y = z) < ¢d(z), for some
¢ < 1. It is simple to see that E (d(Zk) |Z@-1) = #) is bounded for d () < M and the
result hold as desired. That is, Z;; and hence Z; is geometrically ergodic, see Tj@gstheim
(1990), and hence Y, is, since by definition Y; = (8, , 3) Z; using (4).
Finally, we need to establish that FE Hg(tk’k)Ha <1l and F HV(tk,k)Hé < 1 for some

c> s > 0. (A.2)

large k and small §, provided (17) holds. This follows by standard arguments as in
Ling (2007, proof of (A.3)), from which it holds that for some J, < 1 and k, large

5
enough, E \lok, || < 1. Likewise for v ), and we can choose ¢ = min (d,,d,) and
k = max (k,, k). |

Proof of Corollary 1: With Y; in (15)-(16) such that ¢4, = 0, then 3'Y; is a Markov
chain, which have a random coefficient representation, 3'Y; = 0,8'Y;_1 + & gt 0 = I +
f'a+ € with £, independent of g4, and {5, 1.i.d. mean zero Gaussian with variance
B'QB. Thus by e.g. Feigin and Tweedie (1985, Theorem 3), 3'Y; is geometrically ergodic

with finite second order moments as claimed. [ ]

B ASYMPTOTICS

Proof of Theorem 3: The result follows by establishing regularity conditions in Lemma

1 from Jensen and Rahbek (2004) for the score, information and third order derivatives
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of the log-likelihood function respectively. Specifically, Lemma B.1 below establishes
condition (A.1) of Jensen and Rahbek (2004, Lemma 1), Lemma B.2 condition (A.2) and
finally Lemma B.3 condition (A.3).

The derivations are notationally quite involved, and we start by defining some key
variables and expressions. Also to simplify we leave p out of . Thus the parameters in

0, of dimension py = 8, are given by 0 = (a, b, )’ where 0 = (01,6, 0,) , and

012 = wi2, 011 = (wn, Q%/ayﬁb%al)/ and 0O = (w22a Qﬁuou)/' (B~1)
With y; (b) := 'Y}, define also the variables,
Mog=1, M= (Ly2,(0),Y2 ) and Aay = (LYZ ) . (B.2)

It will be useful to suppress the dependence on the parameter 6 sometimes. We use in
particular y;—1 := y;—1 (bo) and € := €y 4,, that is omit § when quantities are evaluated
at # = 6. When the distinction between 6 and 6, is important, as for example when
providing the uniform bounds for the third derivatives in Lemma B.3, we emphasize this
in the arguments.

For any (matrix) function of 0, f(6), df (6,df) denotes the differential of f in the
direction df. To save space we let for example f, denote df (6, db), that is, the differential
in the direction db.

We repeatedly use the definition of 2, 9 and its inverse. Recall that by definition 2 ¢
is given by,

We21 Wt 22

w w
Qo = ( ) = Q+ S [@2y2 1 (0) + ¢ Yo o] + Swd? 0 Yo i,  (B3)

where we have introduced (two of) the following selection matrices,

1 0 01 00 b —b
S = , S12 = , Sog = d Sy = . (B4
11 (00) 12 (10> 22 (01> arn bb (—b 1) ( )

Introduce next the notation for the inverse,

t t _
0 = ( Y ) — Q[ where Qf = ( wen T > . (BSH)

¢ ¢
Wo1 Wag —Wi2 W22

such that (Q; ;)ij = w'jj and (Qtﬂ)ij = wy;; for i, 7 = 1,2. Moreover, the determinant of
Q9 we write as,

5(129) = |Qt79| =01+ 52%2—1 (b) + 53Y22t—1 + 545/2%—1 + 55%2—1 (b) Y22t—1 (B-G)

with 0; = wiiwsg — W%zy 0y = w22¢%57 03 = (wnqﬁfu% +W22¢?3%); 0g = (b%aﬁfuaﬁ
05 = qﬁéﬂqﬁiml. Note that by assumption 6 > 61 > ¢ > 0.
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SCORE:

For the score we have the following result:

Lemma B.1 The first order differential of the log-likelihood function is given by,

dly (0,d0) = str {(Qgniomio — 1) UgdQuo} — tr {0, 9dn, ) (B.7)

with 0 = (a, b, é/)’ . Under the assumptions of Theorem 3 it holds that the score is asymp-

totically Gaussian distributed,

1
7 OL(0) /00lg, > N (0. S00) a5 T — oo (B8)

Proof of Lemma B.1: The log-likelihood function is given in (21), such that with

Qtﬂ denoting the differential of 2,9 in the direction dfl, and similarly for Ml 9, Where
Moo = AY; — afYi = AY, — (a,0)' yi_1 (),

L(6,do) Zdlt (6, do) (B.9)

T
—% Z [tr {Q,;ngt,e} —tr {Qgéﬁt,eﬁtfelm,eni,e} + 2tr {Q;olnt,eﬁ:e,e}} .

t=1

Part S1: 0l, () /0a : Standard calculus gives, €, = 0, Mo = —Y-1(b) (1,0)"da and
hence using (B.9),

Ol (0) /Oaly_g, = tr {Qt_’gnwyt_l( (1,0) }‘0 . {Q Y2, (1,0)} Yi1, (B.10)

which is a martingale difference (MGD) sequence with respect to the filtration JF; gener-
ated by (nt,s)szo ., and Yp. We find directly,

E <[alt () /8a|9:90]2 |-7:sz1> =YW = ?J?ﬁlwt,ﬂ/(s(t)’ (B.11)

Now using (B.6) we can conclude E (I, (6) /8a|9:90)2 < 00 since,

£ ([0100) /0l ]| Fis) < ptifeddal oo <o By

S2y7 1 +03Y5 +04Yoy +Osy7 (Y5 1] -

where we here, and henceforth in the proof, have omitted the subindex "0" on the true

parameters.
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Part §2: 0l () /0 : Observe that il;5 = 0, and hence by (B.9),

dl, (9, dé) ‘HO = Lty {9;1/2 (22— 1) QY QQtﬁ} . (B.13)

As before this is a MGD, and using the identity in Bec, Rahbek and Shephard (2008,
equation (48)), we find initially,

E qdzt (9,dé) ‘0—00}2 |}"t_1> = Lty { [leatﬁér} . (B.14)

We consider in turn each term in 6 = (815, 6}, 05,)":

Part S2.1: 01, (0) /00,2 : Using (B.14) and that by definition of €, Qt’gm = Siadls
where S} is defined in (B.4):

2E<[8lt(0) /3912|9:90]2|ﬂ,1) - tr{[ﬂglsm]?}:tr{[9:512]2} /8% (B.15)
= (d0 +20%) /0%y < (1+20h) /v <C,

where we have used the definition of ; ", see (B.5), and d(;y > &§; > 1) > 0.

Part 52.2: 0l; (0) /0611: Using (B.13), we find
(01 (0) /0011)|g_g, = 5tT {(thg — 1) 951/25119;1/2} A1, (B.16)
and, using (B.14),

2F ([(l: (0) /00y,) (01, (0) /00,,)] |Fir) = tr {4 Su]*} AineNiy /50y

= W?,22)‘11,t)‘;.1,t/5%t)-
Therefore ||E ([(0l; (0) /00,,) (Ol () /00,,,)] | Fi-1) | <C, using in particular that,
Wiaa/O) < waa /01 + 1/wir,  wigowp 1 /0y < 2/0%s and  wignYer (/04 < 2/¢5,, -
(B.17)

Part §2.3: 1, (6) /062: Using (B.13),

(D1, (8) /063)],_g, = Ltr {(ztz; ) 9;1/25229;1/2} oo (B.18)
As before, using (B.14),

5 (1011 (9) /0022) (91 (0) /00)]” | Fi-1) = w1y Aoz N/
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and hence,

E (101, (8) /00:2) (01, 0) /004 |Fi 1 )| < € (B.19)
using, similar to before,
wt711/(5(t) S W11/51 -+ Z/WQQ and wt711Y22t_1/5(t) S 3/¢2L0¢L' (B20)

Part S3: 0l, (0) /0b term: By definition 7),, = — (a,0) Y2,_1db and

(), — 2 (0%, 0, Yor 1+ Pgyi1 () Yar1) =62 o, Yor b, (B.21)
7 _qbij_aj_}/é%*l 0
Thus,
dl, (0, db)],_p, = [tr {(ztz; — Q20,0 2} P {Q;I/sz;,b}} . (B22)

is a Martingale difference sequence, and we find

.12
B ([dle (0,d5) g, |Fir) = 3t { ool } + i e (B23)
Next, using previously applied bounds, one immediately finds

hg,bQ;lht,b = a2}/22tflwt,22/5(t) <C. (B.24)

.72 .12
With respect to tr { [Q; 1Qt,b] } =tr { [Qz‘ Qt,b] } / 5%&)7 quite lengthy and tedious calcu-

lations show that, with ¢; functions of the (true) parameters 6,

.12
w{[oitn] ) = (v rari) v
+ (Y22t—1yt2—1 (b)) (C4 + C5Y22t—1 + Cﬁyﬁ—l)
+ (YQSt—lyt—l (b>) <C7 + CSY22t—1 + C9Y2i—1) .
.2
Using the expression for () in (B.6), tr { [Q;f QtJ)] } / 5%1‘,) < C at § = 0y. As an example
consider a cross-product term with Ya;_; of high power, coY,, ;v: 1, for which,

|C9Y27t71yt—1| < C,

7 { 2
‘C9Y2t71yt—1 /5(t) < 634+02YS | +20405y2 | YS | —

using §; > 0.

Part S4: Cross-terms: Collecting terms, and using the inequalities in (B.20) and (B.17),

we conclude that
| (011 (8) /0022) (01: (8) /061) |5, | Fi1) || < C. (B.25)
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We have here used (B.16) and (B.18), as well as the identity Bec et al (2008, equation 48)
to see that

/ 2 / ’
L ((817& (0) /0622) (9L () /8911)|9:90 ’}—t—l) = % (Wt12) A2ty = %W%QAﬂi/\ll,t/&?t)'
Next, we find

|12 ([(81: (8) /0632) (Ol () /0612)]g_g, ] IFe-1)|| = || (whs) (why) Aszehazy]
= H%W12wt,ll)\22,tH /5%1‘,) <(C, and

|2 ([(91: (6) /0611) (1 6) /0012)] g, ] 1Fis) | = (13 (o) () Mrcdea
= H%w12wt,22)\11,tH /5%0 <C.

Observe furthermore, by definition, F (<8lt (0) /85’) (0l (0)/ 8@)’0 , |ft_1> = 0. Next
=t
consider the directions da and db, and use (B.10) and (B.22), to see that

|E (9L, (9) /0a) (3l () /)| g, |Fir)| < (crtea¥h Vo] _ o

JO)

with ¢y, co functions of #y. Finally, also

E <(azt ) /aé) (01, (0) /8b)‘9_90 yﬂ_l) H <c,

as

E (dlt (9, é) dl, (0, db)‘ezeo |J—“t1> = Ltr { [Q;:Qt@} [Q;;Qt,b} } /8% <,

computing the trace of the product, and using the bounds implied by 6%,5), as were applied

for each case of the f parameters (in Part 2) and for b (in Part 3).

Part S5: Application of CLT: With 6 = (a,b, 9,)’, we have shown that 0L (0) /00 is a
martingale difference (MGD) sequence with respect to the filtration F; generated by
by geome’.f;iC ergodicity, the regularity conditions of Brown (1971) apply, by the law of
large numbers in Jensen and Rahbek (2007). Hence,% OL (0) /00]s_g, 2N (0, Xg9), as

claimed. u

INFORMATION:

Lemma B.2 For the observed information it holds under the assumptions of Theorem 3
that, as T' — o0,

—102L(0) /0000, , 5 Sgp. (B.26)

T |0:90

Proof of Lemma B.2: We show below all terms in d?l; (6, df, df) are bounded and hence
that the law of large numbers in Jensen and Rahbek (2007) can be applied.
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Part I1: 9*1; (0) /0a? : From the proof of Lemma B.1, dl; (9) /0a = tr {Q;elnw (-1 (b),0)},
and hence

9%l (0) /0a® = —tr {QZ;SH} y? (b)), (B.27)

with E||32lt (9) /8a2|9:90H = E(w!yf 1) < C by (B.12). Thus indeed, geometric er-
godicity implies that the law of large numbers in Jensen and Rahbek (2007) applies to
—302L(0) /Da

2 |9:90 .

Part 12: 821, (0) /0008 : With " +# 6, then as di, (9, d@) = 1tr { (gnioniy—1) Q;;Qté},

we get,
—2d?l, (9, do, dé*) — tr { [Q;th@Q;th’é*] (29 411, 40 — 1)} , (B.28)

noting that the second order differential € 5+ = dQ (df, df") = 0. We have
&1y (0) /00,00, = —5tr { [ Sis] [Qug k] (2% gmi0mi0 — 1)} NijaNeas (B.29)

for 4,7,k,l = 1,2. Using n, = 1,4, = 0%z and |tr{AB}| < ||A|||B||, the second

derivatives at 6, are bounded by,
o [l + 1] 119 il 192 Sl Aigell IMwell
where x is some constant and hence the term will have finite expectation provided
198 S| 11927 Suall 1INl 1 Awaell < €, (B.30)
as E ||z]]” < oo. As Q7! = |1,
19 S5 || 11Xl = 19 S I Nagell /3ty = i (i) -

Now if i =1,/ = 2,
p; (12) < (W§,22 + W?,n + 2“’?2) /5%&) <C,

using repeatedly the inequalities in (B.20) and (B.17). Likewise,
i (22) < w (W?,u + W?2) (1 + 1/'221571) /(%) <C, and
pr(11) < K (Wigy +wia) (14 Y5 4 +37 ) /5%1‘,) <C.

Thus all terms in (B.30) are finite as desired.

Part 13: 9%, (6) /Ob* : From the proof of Lemma B.1 (Part S3),
—2dl; (0,db) = tr {Q;;‘Qtjb (I - Q{,ém,en;e))} + 2tr {Q;elnt’m;b} , (B.31)
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and we find with Q5 = dQ0 (db, db*) , i, 44 = dny g (db, db*) = 0,

—2dl, (6, db, db*)
— fr {Q;;Qtyb,b* (I = gnomre) }, + 2157’ { [Q;elﬂt,b] (Q;elﬂt,b*> [Qtfglmﬁ??:e,e} },

-~ -~

(a) (b1)
—tr { (Q;;Qm) [Q;;QW] } + 2tr {4 ey b — AT {Qgéﬂt,b*ﬁtf@lm,m;b}-

g g

(v2) (©) ()

Consider first (a), which at § = 6 up to constants equals,
tr {9;1/25119;1/2 (I - ztz;)} Y212 (02,0, + &%) dbdb”. (B.32)
As in Part 12, using |tr{AB}| < ||A|| || B|| and with x some constant, this is bounded by,
k(L4 [|2e1%) Yar o 195 Suall /6oy (B.33)
which has finite expectation as E ||z||* < co and
Yo 195Sull /o) < w¥a -y (1+Yay) /00 < C.

Likewise the terms in (b1) and (b2) have finite expectations as HQIQMH /6w < C, see
Part S8 above in the proof of Lemma B.1. The term in (c) has finite expectation as it is
bounded by kY3 wi2/dx < C. Finally, the absolute value of (d) is bounded by & ||z||
Q;l/QH < C and as just applied, ) Q:Qt,b )/5@) <C.

.|

Part Ij: 9*1, (0) /00da : As dI, (9, dé) = itr {(Qgglnwn;’e —1I) Q;;Qt’é} , then

-2
&1, (0,40, da) = tr { Qpin,g (1 (8),0) Q30 5} da
and at 0 = 0,
&1, (6) /00,50al,_,, = tr {Q;l/ 22 (421, 0) Q;lsij} Nije (B.34)

for i, j = 1,2, which is bounded (and moreover all terms have expectation zero).
Part 15: 921, (0) /0adb : Now dl; (0, da) = tr {Qgglntﬂ (1,0)} y4—1 (b) da, such that

d*l, (0,da,db) = tr {Qgglnw (1,0)} Yar_1dadb + tr {Qgglht,b (1,0)} y1—1 (b)da

(a) (6)
+tr {03008 i1 (1,0) f v (B)da

J/

'

(©)
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As above, the absolute value of (a) squared is bounded by & ||z]|* Y2_, (1+Y2_)) /o
and hence, as Yy, (14 Y3 ) /64 < C, has finite expectation. Likewise, (b) is bounded
by £ |ye-1] [Yaeo1] (1 +Y5_1) /6@ < C. And finally, (c) is bounded by £ ||| times,

< (61+62yt21+C3Y22t1)1/2(C4Y22t1+;:/3;24t1+06yt1Y2t1|+C7’yt1Y23tl|) ‘yt—ly <c,

(®)

Q;I/Z

[CRUReEON

‘ |yt71|

with ¢; constants, cf. the evaluations applied in Part S3 in the proof of Lemma B.1 and
the definition of §() in (B.6).

Part 16: 921, (6) /900b: Observe that with €, ;, = d2Q (dé,db), —242], (9,dé,db> is
given by,
tr {Qt_,elfzt,é,b (I - Qt_,elnt,en;ﬁ)} —2tr {Q;HIQt,éQgelnt,eh;,b} +

N J/
g v~

(a) (b)
tr {03 005 o (2953 — 1)

J/

-~

(©)

Next, at § = 6, (a) is bounded by « (1 + Hzt||2) ‘
the cases where 6 = ¢2,, ¢2,. We find

and likewise, ’

P
Q, Qt,ab

, where Qt 5, = 0 apart from

Q?lﬂt,ﬁl,bH < w || S| lye-1Yara| < g Yara| (1+Y50) /6w <C,

Qt—lf}mgz’bH < kY (1+Y5_1) /6@ < C. Similarly, we get for the term

in (c) that its absolute value is bounded by (1 + Hzt|]2) times HQt_th’éH and ’Qt_th,b ’
The last two terms have been argued to be bounded by a constant in Part I2 and Part 13
Q;IQt@ ’ <cC

above respectively. Finally, the term in (b) is bounded by & || || using again ‘

—-1/2 2 2
and that HQt Y2, <C. n

THIRD DERIVATIVES:

The third derivatives are considered with ¢ varying in a compact neighbourhood of the
true value 6y, 6 € IC (6p). Thus we let, gzﬁfj €| {32, gzﬁg?] for 7,j = a, 8 and with gbff > 0.
L U

Moreover, w; € [wf, wi] for i,j = 1,2, wiy,wsy > 0 and with |Q[ = wiywes —wiy > > 0.

Finally, a € [a*,a"] and b € [bY, bY].

Lemma B.3 With K (-) just defined, and under the assumptions of Theorem 3, it holds
that
sup |+0°L () /060;00,00,| < Vr
0K (60)
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where Vr LV < 00 and the indices 1,7 and k applied to 6 refer to individual entries in
0. where 6 — (a, b, é’) 0= (019,6,,,05,) .

Proof of Lemma B.3: Observe first that trivially, 3*l; () /0a® = 0. Next, consider the
parameter entry combinations in turn, observing that by definition of the neighbourhood
K (6o),

Owo) = ¥+ [0 + 05 Y5 1] iy (b) + [05 +04Y5, ] Voo, (B.35)
with 65 = L2¢§; >0, 05 = (wWhol?, +whoil ) > 0,6y = ¢52 652, >0, 65 =
O55%ara. >

Part TD1: 8*l, (0) /80;;0a0* for i, j = 1,2. From (B.27), 81, (0) /0a® = —tr {Q, 511 } y7, (b)
such that,
0L, (6) /00°00,; = tr {0, 125,90, 50903}y (0) M

and we find,
[0°1:(0) /00,500%)| < € |95 51320 | INwiall | 220500023 | s ),

which are uniformly bounded for i,j = 1,2. Recall that A1, = (1,92, (b),Ys_;) such

i 2‘ y2 | (b) is included by evaluating for

that evaluation of the second term, HQ SHQ

ih,j =1,

| 50005 " 1wl = \/tr {[20450)"} A 0)] (B.30)

_ (w22+¢aLaLY22t 1)(1+Y22t—1+y%t—1(b))
- |Wt’22( )| ||)\Ht|| /5 tG) - 1/}+[6L+5LY22t 1]% 1(b)+[5§+5£Y2%71]Y22t71

< [(w22+¢gi%y2i 1) + (‘*’22‘*“15%_%_3/221571) + <W22+¢aj_aj_yz2tl)‘| <

<¢+53 3 1) (5L+54 St 1) (52 +OEYS, 1)

Next, for 7,5 = 2,

”Q 1/25229;;/2 A2zt |l = |wear (O)] | A2ze]| /S 2.0) (B.37)
(i +op3ue 1(0)+055 Y5 1)(1+Y22,571)
o w+[5L+6LY22t—1]yt 1(O)+ [5L+5£ 51— 1]Y22t71

(ngl—"_(z)giJ_YZthl) (w11+¢ga2LY22t 1) ¢g§(1+Y22t_1) <C
- 7/’+5§Y221571 6§+6£Y2t 1 52L+55LY22t71 -

And finally,

1/2 12| - th11(9)|+th22(9)\+2\th2( ) <
HQ S1afly g H = “w+[aL+5LY22t JuR o)k iYL YR, — ¢
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Part TD2: 81, (0) /00,;;00,,0a for i, j, k,l = 1,2 : Using (B.29),
01, (0) 00:5001,0a = 2tr { Q75850 5 S g (1.0) } Aija Ny e (b)
for i, j, k,1 = 1,2. Applying the uniform bounds in (B.36) and (B.37),

9L, (0) /00,,00,,0a
J
_1/28 Q—l/QH H)\Z]tH

~1/2
Qte M0

_1/2Sle—1/2H ”)\k[,tH

’ H 1,0) € tya H ye—1 (D)].

@020 s )

~-1/2

SC‘ 1o o

Next, rewrite 7, 4 as

Mo = (0o = 1) + 10 = (@ — a0) yr1 (B) + ao (bo — b) Yara] (1,0)' + 2. (B.38)

Using this,

1/2 12 12
Qte/nte / /

IN

|

<[00

o] (B39)

K (w22+¢aLalY22:f 1) (|yt 1(0)|+Y2e-11)
N (1/1 [6L+6LY22t 1]yt71(b) [5L+5£ 2t— 1]Y22t 1

— ||zt||] <ClL+ |l

where we have used that 1/ 201/ 2” =tr {Q Qt} < C. Moreover,

1/2 W22+¢giaj_yzztf1)
oo o < Sl <c (B.40)

Hence we can use Vr = 7 ST C[1+||z]|] since 2 has finite first order moment.

Part TDS3: d®l,(0,d0;;,d0k, dbyy) for i, j,k,l,m,n = 1,2 : By (B.28), we find that the
third order differential is bounded by,

|0 (6, dB, 0w, dbn) | < |,

using (B.36), (B.37) and (B.39).

>S50 || el |2

2S00 1 wsdll %

Q12

~1/2 ~1/2
Qt,e/ Sith,e/ t0 e

Al |2

F<cnpal.

Part TD4: &1, (0) /0a*9b : Recall that by (B.27), 0%, (0) /0a® = —tr {Q, S}y 4 (
such that,

&1, (0, da, da, db) = tr {Q;;Qt,bﬂggsn} Y2 () + 2t {38} vt (B) Yar s
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(w22+¢giaLY22t 1>yt 1(b)

1/2 <
SllQ Y1 (b) — w-‘r[éL-‘réL 2 1]%71(17) [5L+54 2 l]Y22tfl

uniformly in IC (90),

Now, < C, and likewise,

1/2Qt bQ 1/2

<C, (B.41)
using arguments similar to Part S3. Finally, for the last term we have,

-1 <W22+¢a o, Y5, 1>|Z/t 1(b)[|Y2¢—1]
|tr {97551}y () Y| < w+[5L+5LY22tL1]Zt71(b) PN <C.

Part TD5: 831 (0) /0adb? : From Part 13, proof of Lemma B.2, and using that by definition
of €2, 9, we have Qt,a =0,

—2d%, (0, db, db,da) = =207 {313 f — At { Qg it}

a) (b)
ratr { [ Q0] (U%aSus) [Qudmoiial b +40r {3000}

-~

(e) &2)
—8tr {Q;elﬂtyb* Q;glntﬁﬁz,t,b,a } :

[\

—~

g

(e)

Using [tr {AB}| < ||A|| || B|| repeatedly, 31, () /0adb? is uniformly bounded if HQt ;/27775 0
HQ I/ZQ“)Q 1/2 HQ 1/2Qtbe 1/2 HQtG mb

see (B.41) and (B.39) respectlvely, and the remaining ones are bounded using similar

1,

‘ are. For the first two

‘ and HQ;Q Mt b

arguments.

Part TDG6: 31, (0) /0b® : From Part I3, proof of Lemma B.2, we find as in Part TD5,
that [0%l, (0) /Ob*| is uniformly bounded if, as used in Part TDS5, ||S,, 220, bQ_I/ 2

—1/24 —1/2 ~1/2.
‘ ’ ”Qt,e/ Qt,b,th,e/ ” and HQt,e/ MNep

Y

1/2
”Qte/ Nto

‘ are.

Part TD7: 831, (0) /06;;0b* : In addition to the quantities in Part TD5 and Part TDG,
31, (0) /00,;00* is umformly bounded if also HQM Q0. Qt_el/2 Qt_el Qtb.0,5Y, /2

and HQ_l 2th9 Q H are. The first term for 0,; = 012, 011 and 05, respectively, is dealt
with in Part TDI, Whlle for the last two similar arguments can be used. For example,
with .Q.t,b,b,eij =0 for Qij = 912, 922, while

HQ;; 2thb9119;9 H S/‘i(¢ +¢5%) t1tr{[9;91511]2}§0.
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Part TDS: 931, (0) / 89U89 0b : Using Part 12, simple calculations give that this is uni-
formly bounded as HQ th Qw/ H (see Part TD1), 1/ Zth wa/ H see Part

TD7) as well as ‘ Q,, 20 82 9 2 ‘ Q,, 91/277t9 ‘ and ‘ ’ are (see Part TD)).

Part TDY: 83lt( ) /0a0b08;; : Using Part I5, we again find this is uniformly bounded
AP0, 0 H t;/%tb‘ and ’Qw/ Mo (see Part TD5) are,
together with

~1/2.
Qt,G/ 77t,b

as

) vz, ) <G

_1 9 Wgz+¢i «
[0 02| (s + a2 1) < e

using (B.35), (B.39) and (B.40). |
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