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Abstract. Based on a general framework for computing the aggregate human capital stock
under heterogeneity across population cohorts, the paper derives aggregate human capital
stocks in the whole population and in the labor force, and relates these variables to aver-
age years of schooling and average work experience. Under the scenarios considered here,
the “macro-Mincer” (log-linear) relationship between aggregate human capital and average
years of schooling is obtained only in cases which are inconsistent with heterogeneity in
years of schooling and based on empirically implausible demographic survival laws. Our
numerical results indicate that the macro-Mincer equation can be a reasonable approxima-
tion of the true relationship only if returns to schooling and work experience are roughly
constant across countries.
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1 Introduction

The log-linear Mincer (i.e., “micro-Mincer”) equation where individual wages (or human capital
stocks) are explained by years of schooling and work experience is a cornerstone of a large body
of microeconomic literature (Mincer, 1974; Heckman, Lochner, Todd, 2003). Numerous attempts
have also been made to carry it forward to country-level data on aggregate human capital stocks
and average years of schooling as well as average work experience in the population (e.g., Klenow
and Rodriguez-Clare, 1997; Krueger and Lindahl, 2001; Bloom, Canning and Sevilla, 2004). Such
“macro-Mincer” aggregative approaches have been also criticized from a number of standpoints,
though:

e the “macro-Mincer” approach assumes perfect substitutability between unskilled and skilled
labor (Pandey, 2008; Jones, 2011a, 2011b),

*We are grateful to Holger Strulik for convincing us to carry out the numerical study discussed in Section 3. All
errors are our responsibility.
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e it assumes that each individual’s skill level can be summarized by a single number and thus
there is no heterogeneity in tasks (e.g., Jones, 2011b),

e it considers years of schooling as an exogeneous variable and thus neglects individuals’
optimal decisions on the duration of their schooling (e.g., Jones, 2011a),

e it neglects the fact that maintaining a constant aggregate level of human capital in the so-
ciety requires replacement investment, because human capital is embodied in people whose
lifetimes are finite (Growiec, 2010).

Violation of any of the above assumptions has been shown to lead to significant departures from
the baseline “macro-Mincer” relationship between the aggregate human capital stock and average
years of schooling and work experience, even if the “micro-Mincer” relationship holds perfectly at
the individual level.!

The current article adds to the last of the above criticisms of the “macro-Mincer” approach. Its
contribution to the literature is threefold. First, having clarified the outstanding problems related
to the definitions of the aggregate human capital stock,’? aggregate years of schooling, and aggre-
gate work experience under heterogeneity across population cohorts, we show that the log-linear
relationship between human capital, years of schooling and work experience is generally lost upon
aggregation. In our analysis we assume that skill levels are perfectly substitutable and that there
is no intra-cohort heterogeneity of tasks or skills. Hence, all heterogeneity considered here comes
from the fact that people are born at different times, and gradually accumulate human capital across
their lives.> Under these conditions we find that even if the cross-sectional “micro-Mincer” rela-
tionship does hold at the level of individuals, the “macro-Mincer” equation follows only in very
special cases: in fact, all the cases which we are able to identify are inconsistent with heterogeneity,
insofar they require the aggregated individuals to have an equal number of years of schooling. In
the case where individuals first attend school full time and then work full time, and where there is
learning from work experience, the “macro-Mincer” equation requires the demographical survival
law to have the “perpetual youth” property (Blanchard, 1985), which is empirically implausible. In
the case where people also retire at a certain age, the “macro-Mincer” equation cannot be recovered
under any admissible survival law.

Our second contribution is to demonstrate an important difference in aggegation results whether
human capital stocks in the whole population or in the labor force are considered. In particular, the
“macro-Mincer” relationship can only be obtained (under additional restrictions) for the latter case
but not for the former. In the empirical literature (see e.g., Caselli and Coleman, 2006), the “macro-
Mincer” approach is often applied to educational attainment of the whole population, though — or
at least of the whole working-age population (which is somewhat closer to our definition). Our
analysis strongly suggests that these concepts should not be used interchangeably.

!Some authors have also argued that even if the “macro-Mincer” relationship is maintained, indirect effects appear-
ing upon aggregation might lead to differences between micro- and macro-level Mincerian rates of return (see Hsieh
and Klenow, 2010, for a discussion).

2We consider human capital as a one-dimensional stock of productive skills embodied in an individual, accumu-
lated via schooling and on-the-job learning. By doing so, we set aside all the conceptual criticisms related to such
definition of human capital (see, e.g., Hanushek and Woessmann, 2008).

3By choosing a framework without intra-cohort heterogeneity, we attempt to isolate the effects coming from the
heterogeneity of human capital due to demographics alone. Adding intra-cohort heterogeneity to the picture is left for
further research.



Thirdly, taking a somewhat more practical perspective, we also find that, although misspecified
from the theoretical point of view, in some applications the macro-Mincer equation can neverthe-
less be perceived as a reasonable approximation of the true relationship between average human
capital stocks, years of schooling, and work experience. This finding is based on our numerical
results, presented in the form of a series of examples and a more general Monte Carlo study. In
particular, it is shown that the macro-Mincer equation is a good approximation of the true func-
tional relationship if returns to schooling and work experience are constant (or roughly constant)
across countries, with the observed heterogeneity coming from differences in the number of years
of schooling, retirement age, or demographical survival laws. The approximation quality deteri-
orates very quickly with increasing cross-country heterogeneity in returns to schooling or work
experience, though. Unfortunately, in the real world — as represented, e.g., by Psacharopoulos and
Patrinos (2004) cross-country data — returns to an additional year of schooling tend to be largely
divergent across countries.

In section 2, we lay out the framework and discuss our theoretical results. Section 3 presents
our numerical results. Section 4 concludes.

2  Aggregation of human capital across population cohorts

2.1 Framework

We denote the current calendar time as ¢, and a person’s age as 7. A person who is 7 years old
in year ¢ must have thus been born at ¢t — 7. At time ¢, there is a continuum of mass N (¢) of
individuals. Our results are obtained under the following assumptions.

Assumption 1 Human capital of the representative T years old individual born at time j is accu-
mulated using the linear production function:

o . . . .

Eh(.LT) - [)‘gh(]JT) +:U’€Y(ja7-)]h(jv7—)7 (1)
where \ > 0 denotes the unit productivity of schooling, and 1. > 0 denotes the unit productivity of
on-the-job learning (experience accumulation). (;(j,7) € [0, 1] is the fraction of time spent by an
individual born at j and aged T on formal education, whereas ly(j,7) € [0, 1] is the fraction of
time spent at work. We assume (;,(§,7) + Uy (7, 7) < 1 forall j,7 > 0, and take h(j,0) = hy > 0.

Even though the current framework singles out the time spent on education and work only, it
can easily accomodate other uses of time, such as leisure or childrearing. We thus also allow for
retirement. We say that these alternative possibilities are exercised when ¢,,(7,7) + ly (7, 7) < 1.

Equation (1) can be easily integrated with respect to the individual’s age, to yield the human
capital stock of an individual born at ¢ — 7, aged 7:

h(t —T,7) = hoexp )\/ Up(t — 7, 5)ds —I—u/ Uy (t—T,8)ds]| . (2)
0 0

J
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This is directly the “micro-Mincer” equation, signifying the log-linear relationship between the
individuals’ human capital and their cumulative stocks of education and work experience. The
quadratic experience term, typically also included in Mincerian eqations (cf. Heckman, Lochner,
Todd, 2003), does not appear here because in equation (1) we have assumed human capital accu-
mulation to be linear and not concave in work experience.*

Assumption 2 At every age T > 0, the individual may either survive or die. The unconditional
survival probability is denoted by m/(7), with m(0) = 1,lim,_,o. m(7) = 0 and with m(7) weakly
decreasing in its whole domain. The survival probability does not depend on calendar time t.

Please note that by assuming the survival law to be independent of ¢, we exclude the possibility
of declining mortality due to, e.g., progress in medicine. Accomodating this possibility is left for
further research.

Assumption 3 The age structure of the society (the cumulative density function) is stationary. At
time t, there are P(t,7) = bN(t — 7)m(7) people aged T in the population. The total population
alive at time t is N (t), with

N(t) = /000 P(t,7)dT = /000 bN (t — 7)m(7)dr. 3)

The total labor force at time t is computed as
L(t) = / P(t,7)ly(t —7,7)dT = / bN(t — 7Ym(7)ly (t — 7, 7)dr. (4)
0 0

By the virtue of the Law of Large Numbers, the above assumption implies that the aggregate
birth rate b and death rate d are constant. This in turn implies a constant population growth rate,
and thus N(t) = Nye® 9. In consequence, the shares of all cohorts in the total population are
indeed constant:

N(t—7)
N(t)

= bm(T) = bm(r)e =7, independently of . ®)

Furthermore, the death rate d is computed uniquely from the given survival law m(7). If the
number of surviving offspring per person, i.e., the birth rate times life expectancy at birth, exceeds
unity, then b > d and thus the total population is growing. If it is less than unity, then b < d
and thus the population is declining (for the derivation, please refer to Appendix A.6 in Growiec,
2010).

The first corollary from our Assumptions 2 and 3 is that, under a stationary age structure,
and assuming that time profiles of education and work are independent of calendar time ¢, i.e.,
Up(t —7,7) = {p(7) and ly (t — 7,7) = £y (7), it must be the case that the human capital stock of
an individual h(¢t — 7, 7) depends only on her age 7, but not on the year when she was born, ¢ — 7.
Hence, without loss of generality we can write h(t — 7, 7) = h(7): even though each individual’s

4 Although there exist models providing microfoundations for the quadratic experience term in Mincerian equations,
Hamlen and Hamlen (2012) claim that it is actually inconsistent with the usual assumptions of utility maximization.
These authors argue that other functional forms should be used instead.
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human capital grows exponentially with her age across her whole lifetime, the aggregate human
capital in the population stock does not grow with calendar time because dying individuals with
high human capital levels are continuously replaced by newborns with little human capital.

Under the aforementioned assumptions of a stationary age structure, it follows that the employ-
L(t)

ment rate in the economy 10) is independent of calendar time ¢, too:
L(t) fooo bN (t — 7)m(7)ly (7)dT /°° o
= = be~ =D (T) by (T)dr. (6)
N(t) N(t) 0

Let us now place some restrictions on the considered stationary time profiles of education
and work. We shall deal with three alternative, naturally understandable scenarios which can be
considered as limiting cases of more general time profiles:

e Case “S+W?”. First attend school full time, until you reach S years of age, and then work
full time until death:

1, 7<8 0, 7<8
g — ) — Y g — Y — Y 7
() {O, T > 5, v(7) {1, T>S. 2

e Case “S+W+R”. First attend school full time, until you reach S years of age; then work full
time, until you reach R years of age, then retire, and stay retired until death:

£h<7—> =

{L r<S, gﬂﬂ:{a €0, 8] U[R,+00), )

0, 7>, 1, 7€ (S, R).

e Case “Fix”. Spend fixed fractions of time on schooling and work throughout your entire
life:

gh(T) = gh, gy(T) = gy. (9)

2.2 Aggregation across cohorts

To be able to aggregate human capital stocks, years of schooling as well as work experience across
heterogeneous population cohorts meaningfully, one needs to ensure that all the respective aggrega-
tive concepts are appropriately defined. This is particularly important in our current case because
certain analogies between micro- and macro-level variables are quite misleading here. The general
framework, building on Assumptions 1-3, is consistent with the following definitions.

Definition 1 The aggregate human capital stock of the whole population alive at time t is given
by:

HmﬂwzémP@ﬂMﬂm. (10)

Human capital stocks provided by individuals of all ages are perfectly substitutable. The average

human capital stock in the population is hpop(t) = %@’)m
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Definition 2 The aggregate human capital stock of the labor force working at time t is given by:

Hpp(t) = /000 P(t, )ty (T)h(T)dT. (11)

Labor services provided by individuals of all ages are perfectly substitutable. The average human
capital stock in the labor force is hyp(t) = HL%S”

Definition 3 Cumulative years of schooling in the whole population alive at time t are given by:

Qror(t) = [ Pt ([ uioyas) ar (12

The average number of years of schooling in the population is thus qpop(t) = %’t’)@)

Cumulative years of schooling in the labor force working at time t are given by:

Qurl) = [~ e ([ oias) ar (13)

The average number of years of schooling in the labor force is thus qrr(t) = QETtht)

Definition 4 Cumulative work experience in the whole population alive at time t is given by:

Xpop(t) = /OOO P(t, ) (/0 ey(s)ds) dr. (14)

Average work experience in the population is thus xpop(t) = X};\,O(‘t:’)(t)

Cumulative work experience in the labor force working at time t is given by:

Xpp(t) = /O PRy () ( /0 ' ey(s)ds) ar. (15)

Average work experience in the labor force is thus xp(t) = XETtht)

We are now in a position to define the macro-Mincer equation as a relationship between the
aforementioned concepts.

Definition 5 The macro-Mincer equation fakes the following form:
hpop(t) = hoexp (agrop(t) + Brpopr(t)) (16)
if it is assumed to hold for the whole population, and
hrr(t) = hoexp (aqrp(t) + Brrp(t)) (17)

if it is assumed to hold for the labor force. The parameters o > 0 and § > 0 will be called the
Mincerian schooling coefficient and the Mincerian experience coefficient, respectively.

Let us now present our results under two specific survival laws m(7), and then provide more
general considerations relating to the (im)possibility or (im)plausibility of obtaining the macro-
Mincer relationship as presumed in the related empirical literature.
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2.3 Results under the “perpetual youth” survival law

Apart from Assumptions 1-3, let us now also assume the Blanchard (1985) simple “perpetual
youth” survival law m(7) = e~97, where d is directly the aggregate death rate. Under this con-

dition, the stationary age structure satisfies Ij\(,%) = be~*". The results are presented in Table
1.5

Table 1: Average human capital, years of schooling, work experience, and the verification of the
macro-Mincer equation under the “perpetual youth” survival law.

Case || S+W \ S+W+R | Fix
bh 2—0)5 bho ,(A—0)S | bh 2—0)S bh
hpop(t) % (1= %) + ﬁe( 515 (1= ) Y —
—l—% (e()\—b)S _ e(A—u)S—&-(,u—b)R)
+hoeA—mS+H(u-bR
bho \S bhoeP—1)S (k=0)S _(k—b)R bh,
hip(t) =g TR e SNy iily
_ ,—bS _ —bS
QPOP(t) L eb 1 eb %
qrr(t) S S %
—bS —bS_ _—DR
_S l
zrr(t) b 5~ Fhes T
M-M, =0 YES, in LF, coefficient A YES, in LF, coefficient A NO
M-M, i > 0 || YES, in LF, coefficients A and 0 NO NO

Note: “M-M” refers to the macro-Mincer relationship.

In the case “S+W”, Hy r(t) is computed by aggregating the human capital embodied in individ-
uals above the age S only, whereas Hpop(t) is a sum of Hyr(t), i.e., human capital of the workers
(or equivalently, working-age population), and human capital of younger individuals who are still

at school. In this case, the (constant) share of the working population is equal to % =79,

In the case “S+W+R”, Hyr(t) is computed by aggregating the human capital embodied in
individuals aged between S and R only, whereas Hpop(t) supplements this stock with the human
capital of younger and older individuals. In this case, the share of the working population is equal
to % =05 _ bR,

The case “Fix” has already been considered by Growiec (2010), who concentrated on Hpop(t)
and did not compute H r(t). With a fixed share of time spent on work irrespective of individuals’
age, it is however clear that H(t) = {y Hpop(t), so that the qualitative results for both aggre-
gates are identical up to a multiplicative constant. Also, the share of the working population is
naturally % =y, and thus hyp(t) = hpop(t) in the case “Fix”.

To ensure that the aggregate human capital stock remains finite under the considered survival

law, we must assume that ;. < b in the case “S+W”, and N, + ,UEY < b in the case “Fix”.

Proposition 1 (Sufficient conditions for macro-Mincer) Let Assumptions 1-3 hold with i € [0, b)

In case A = b, the formula % (1 - e(A’b)S) should be replaced by bhoS in the hpop(t) row. Further-

more, if 4 = b in the case “S+W+R”, then the formula ;’%‘L (e()‘*b)s - eo"“)S*(“*b)R) should be replaced by
bhoeP~S(R — S).



and assume the “perpetual youth” survival law. Then the macro-Mincer equation holds for the la-
bor force (but not the whole population):

e under the “S+W?” scenario,

o under the “S+W+R” scenario, but only if there is no on-the-job learning (j. = 0).

In both cases the Mincerian schooling coefficient equals the individual rate of return to ed-
ucation \, while the Mincerian experience coefficient is zero. Apart from these two cases, the
macro-Mincer equation does not hold.

So even under the “perpetual youth” survival law and even when assuming, as our model does,
that all individuals of the same age have identical human capital levels, the scope for the macro-
Mincer relationship is still very limited. Indeed, for the whole population the macro-Mincer equa-
tion never appears, and for the labor force it appears only if retirement is absent or if accumulated
work experience does not affect workers’ human capital stocks.

2.4 Results under fixed lifetimes

Let us now substitute the Blanchard (1985) “perpetual youth” survival law with the assumption that
individuals’ lifetimes are deterministically fixed at 7', i.e., m(7) = 1 for 7 < T"and m(7) = 0 for
7 >T,withT > S and T > R. Under this condition, the age structure satisfies ]ijGT)) = pe~(0=d)7
for 7 < T and zero otherwise. The aggregate death rate d is related to the age 7' via the equality
T = %. It is obtained that b > d if and only if 7" > 1/b, and conversely, b < d if T' < 1/b. In
the case "= 1/b we get b = d, rendering the population size constant across time. The results for
the case of fixed lifetimes are presented in Table 2.°

Under the currently considered survival law where lifetimes are bounded, aggregate human
capital is always finite. From Table 2, it should also be clear that under fixed lifetimes, reproducing
the macro-Mincer equation is possible if and only if there is no on-the-job learning (1« = 0), and
only for the labor force but not the whole population:

Proposition 2 (Sufficient conditions for macro-Mincer) Let Assumptions 1-3 hold and assume
that the individuals have a fixed lifetime T'. Then the macro-Mincer equation holds for the labor
force (but not the whole population):

e under the “S+W” scenario with 1 = 0,
o under the “S+W+R” scenario with |1 = .

In both cases hyp(t) = hoe*®, that is, the Mincerian schooling coefficient equals the individual
rate of return to education A\, whereas the Mincerian experience coefficient is zero. Apart from
these two cases, the macro-Mincer equation does not hold.

SIn case A = b — d, the formula ;240 (1 — eA=(=d)S) should be replaced by bhoS in the hpop(t) row.

Furthermore, if i = b — d, then the formula % (e(/‘*(b*d))s _ e(uf(bfd))T) should be replaced by bho (T — S),

and the formula % (e(“’(b*d))s — e(“’(b*d))R) by bho(R — S).
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2.5 The case without on-the-job learning

The case without on-the-job training (¢ = 0) has already stood out as a very specific case in our
above calculations. It is no coincidence. Actually, we can straightforwardly generalize our above
considerations, yielding the following proposition:

Proposition 3 (Sufficient condition for macro-Mincer) Let Assumptions 1-3 hold and assume
i = 0. Then under the “S+W” and “S+W+R"” scenarios, the macro-Mincer equation holds for
the labor force hpr(t) regardless of the underlying survival law m(t). The Mincerian schooling
coefficient is equal to the individual rate of return to education \.

Proof. Using equations (5)—(6), under the “S+W” scenario we have:
< P(t,7) X ASp—(b—d N(t)
hrp(t) = / Uy (t — 7, 7)h(t — T, 7)dT = / hoe* be= =D (1) —Ldr =
o L) s L(t)
DTm(7)dr \g

—(b—
hoe s be = hoe™”. 18
fs be=C=Dmm(r)dr 0 (18)

Using equations (5)—(6) again, under the “S+W+R” scenario we have:

how(t) = /0 o L“(t )T)éy(t — At — 7 7)dr = /5 hoeAsbe_(b_d)Tm(T)]Z((;; dr —

—(b—d)T d
hoe s s be m(r)dr _ hoeS W (19)

f be==drm(T)dr

The above result is driven by two crucial facts. First, the “S+W” and “S+W+R” scenarios
assume that all working individuals have the same number of years of schooling. Second, the as-
sumption p = 0 (absence of on-the-job learning) implies that all working individuals also have the
same human capital level. Aggregation is thus effected across entirely homogeneous population
cohorts. In such a situation, it is no surprise that the Mincerian relationship between human capital
and years of schooling is directly transferred from the individual to the aggregate level.

2.6 Necessary conditions for the macro-Mincer equation

Having obtained some positive results for very specific and arguably implausible survival laws,
one should ask the converse, much more general question: For which survival law m(7) will the
macro-Mincer equation be recovered from the micro-level Mincerian relationship? Instead of that,
however, we shall consider an equally important but analytically more tractable question: For
which survival law m/(7) will the simplified macro-Mincer equation, disregarding work experience
as in:

hrop(t) = hoexp (agpop(t)) or  hpr(t) = hoexp (aqrr(t)), (20

be obtained from the micro-level Mincerian relationship?

The importance of the last question stems from the fact that the related applied literature’ is
preoccupied primarily with estimating cross-country rates of return to an additional year of school-
ing, while considering returns to work experience as a parallel issue, tangent but not central to the

"See e.g., Bils and Klenow (2000), Krueger and Lindahl (2001), Psacharopoulos and Patrinos (2004).
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empirical arguments discussed in those articles. The decisive difference in analytical tractability,
on the other hand, follows from what was already apparent in Tables 1-2: average work experience
xpop and xpp is influenced not only by the survival law m(7) and the demographic parameter b,
but also — nonlinearly — by years of schooling S and retirement age R.

Growiec (2010) has already addresed the aforementioned question for the scenario “Fix”,
showing that recovering the macro-Mincer equation from micro-level Mincerian relationships is
not possible unless the survival function depends on £, in one crucial and arguably implausible
way. For the case “S+W”considered in the current article, however, it is possible at the level of the
labor force if the survival law satisfies the “perpetual youth” property. Furthermore, we have also
already shown that if one disregards on-the-job learning (by assuming ;. = 0), then this result also
follows in the “S+W” and “S+W+R” scenarios under a wide range of survival laws. In that case,
however, all individuals in the labor force share exactly the same human capital level hoe®, and it
is precisely this homogeneity that drives the result.

It turns out that if © > 0, so there is some heterogeneity in human capital across working
cohorts, then the simplified macro-Mincer equation can be reproduced under the “S+W” scenario
only in the “perpetual youth” case, and cannot be reproduced under the “S+W+R” scenario at all.
The following proposition holds.

Proposition 4 (Necessary conditions for macro-Mincer with S+W) Let Assumptions 1-3 hold
with u € (0,b) and assume that the simplified macro-Mincer equation holds for the labor force.
Then, under the “S+W?” scenario where the individuals stay at school until the age S and then
work full-time until death, the survival law must be m(T) = e~%, i.e., it must satisfy the “perpetual
youth” property. The implied macro-Mincer equation is hpp(t) = ;’h‘L eMs.

Proof. Under the “S+W” scenario, a person of age 7 > S has human capital h(t — 7,7) =
hoe$tH(7=5) Upon aggregation, we have:

- Pt 7) B f helu—(b=d)T m(7T)dr
hoe®) = | hit— L7 = hyeP S8 : 21
Lr(t) /s (=77 gy = e Js bemC=Omm(r)dr o
‘We shall use the notation: (b—d))
oob pu—(b—d))T d
o(5) [ be m(7)dt (22)

[g be=C=Dmm(T)dr

which implies hzr(t) = p(S) - hoe® "5 Since y1 > 0 and 7 > S in all the considered integrals,

it is easily verified that for all S > 0, “"ffg > 1. Furthermore, applying I’Hopital’s rule twice, we
obtain:

90(5) B ' f;"e(u (b=d))T ()dT B
S s T [ e o-Drm(rydr 23)

1 1

: i e =D m(ndr 1+ lim —
1 —limg 1 P R +lmg 10 m/<s> —(—d)

We are looking for functional specifications of m(7) for which (S) = Ge?® for some G > 0
and H € R, so that consistently with (21), the relationship between aggregate human capital and
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aggregate years of schooling S is of a log-linear type. Assuming this functional relationship, it
follows that

lim P9 i getrws, (24)
S-S540 etsS S—+o00

Since % > 1 for all S > 0, then it must be the case that H > pu. Furthermore, one must set
G > 1sothat ¢(0) > 1. The cases H > p and H = p will be addressed separately.

We shall now pass to the central part of the proof. Positing ¢ (S) = Ge!?¥ and rearranging in
(22) yields:

/ be(“_(b_d))Tm(T)dT = GeHS/ be_(b_d)Tm(T)dT. (25)
5 s

Equation (25) is a functional identity and thus it holds for all S > 0. It is also possible to differen-
tiate both sides of (25) with respect to S. Doing this twice and rearranging terms, we obtain:

m'(S)  (u—H—b+d)er 5 —G(d—b+ H)

m(S) G — S ' (26)

Consider first the case H > . In such case we obtain limg_,, . Ge'""% = +o0. Coupled
with equation (23), this implies:

- m/(S) _
S gy = @
Comparing (27) and (26) we obtain:
/
TLLA G B R S S S (28)

S—4o00 m(S)

and thus A = p, a contradiction. The case H > p is thus ruled out.
Now, consider the remaining case H = p. Inserting the condition H = p into (26) and
simplifying we obtain:
Gu

R e it >

Solving this differential equation for m(S) and using the border condition m(0) = 1, we obtain
the only survival law m(7) consistent with the macro-Mincer formulation:

m(S) = exp (((b —d)— %) s) . Y (S>0). (30)

Please note that this survival law is exponential and thus has the “perpetual youth” property. Let
us now make the parametrization of m(7) in equation (30) consistent with its interpretation, i.e.
ensure that the implied death rate is indeed equal to d. Under a stationary age structure, this is
achieved by checking the following demographic identity:

t
N(t) = / BN (s)m(t — s)ds = Nyelt=0". 31

—00
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From (30) and (31) it follows that

/_; bexp ((&) u(t — s)) ds = 1. (32)

Computing the last integral reveals that G = bi > 1. Plugging this into (30), we obtain m(7) =

e~ Also, ¢(S) = ﬁe” S and thus hpp(t) = If’h(; e*¥ so that the macro-Mincer equation holds

with the Mincerian coefficient A\.

This result, by linking the macro-Mincer relationship to the “perpetual youth” survival law,
seriously limits its applicability: the “perpetual youth” survival law is highly implausible empiri-
cally, as it implies that irrespective of age, individuals face the same unconditional probability of
dying next year. According to empirical evidence (cf. e.g., Boucekkine, de la Croix and Licandro,
2002), this is clearly not the case, not even approximately.

We shall now pass to the “S+W+R” scenario. It turns out that if ;x > 0, so there is some
heterogeneity in human capital across working cohorts, then the simplified macro-Mincer equation
cannot be reproduced under the “S+W+R” scenario (with any fixed S and R) at all.

Proposition 5 (Macro-Mincer impossible with S+W+R) Let Assumptions 1-3 hold with | €
(0,0). Then under the “S+W+R” scenario where the individuals stay at school until age S and
then work full-time until retirement age R, there is no admissible survival law compatible with the
simplified macro-Mincer equation.

Proof. Under the “S+W+R” scenario, a person of age 7 € [S, R] has human capital h(t — 7, 7)
= hoe?$tH(7=5) Upon aggregation, we have:

(" P(t,7) (A )st belr— (=) ()dT
hLF(t)/S h(t —7,7) 10 dr = hge [P amm(r)ir (33)

‘We shall use the notation:
[ pelb= =D (1) dr

B f be=(=DTm(7)dr
which implies hyp(t) = ©(S) - hoeP—H3, Smce > 0and 7 > S in all the considered integrals,

it is easily verified that for all S € [0, R), £ Ms > 1. Furthermore, applying 1’Hopital’s rule, we
obtain:

p(S) = (34)

R (= (b-d) d
lim (5) = lim fS ¢ m(r)dr
S—R eMS S—R eusf ~(b=d)r (7 )dT
1

uf;.% e~ (=T (1)dr
m(s)e—(b—d)s

(35)

The last equality follows from the fact that m(R) > 0 — otherwise no one would survive until retire-
ment age and the “S+W+R” scenario would boil down to the “S+W” scenario, already considered
above.

81t might be an accurate description of survival laws only in very poor, war-ridden regions, or ancient times.
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We are looking for functional specifications of m(7) for which ¢(S) = Ge!? for some G > 0
and H € R, so that consistently with (33), the relationship between aggregate human capital and
aggregate years of schooling S is of a log-linear type. Assuming this functional relationship, it
follows that g

tim £ _ Geti-nr (36)
and thus G = e~ % and consequently ¢(S) = e#5TW—HE Since "Z(T*? = ew=H)(E=9) > 1 for
all S € [0, R), then it must be the case that H < . It follows that G > 1.

We shall now pass to the central part of the proof. Positing ¢(S) = Ge!?¥ and rearranging in
(34) yields:

/ be(“*(b*d))Tm(T)dT = GeHS/ be*(b*d)Tm(T)dT. (37)

S S
Equation (37) is a functional identity and thus it holds for all S € [0, R). It is also possible to
differentiate both sides of (37) with respect to S. Doing this twice and rearranging terms, we

obtain:
m'(S)  (u—H—b+d)er 5 —G(d—b+ H)

= ) 38
m(S) G — et 1S (5%)
Solving (38) under the assumption < p we obtain:
(n—H)R =
_ (b—d—H)S e —1 i
m(S) =e (e(u—H)R_e(#—H)S) , V(S €0,R)). (39)

Please note that the denominator necessarily tends to infinity as S — R_. The implications of
this fact can be threefold, depending on the value of H relative to x/2. First, if 4 — 2H < 0 then
m(R) = 0, so nobody survives until retirement, contradicting the “S+W+R” scenario. Second, if
w—2H > 0thenlim, g m(7) = +o0, so m cannot be a survival law. Finally, if © — 2H = 0 so
that m(7) = e(®=4=#/2)7 then m takes the known exponential “perpetual youth” form. Making it
consistent with interpretation requires imposing b — d — ;1/2 = —d, and thus p = 2b, contradicting
the assumption that ;© < b. We conclude that the macro-Mincer equation cannot be reconciled with
the “S+W+R” scenario under any admissible survival law. B

This result further restricts the applicability of the (simplified) macro-Mincer relationship be-
tween average human capital and average years of schooling.

3 The macro-Mincer equation as an approximation

Having obtained a range of theoretical results, let us now ask a question which is certainly vital
from the point of view of applied research: How well does the macro-Mincer equation approximate
the true relationship between average human capital and average years of schooling and work
experience, despite being theoretically misspecified? In the current section, this question will be
answered in a series of numerical analyses. We shall first define the setup of our study and the
baseline calibration of the underlying parameters. Then we will present several stylized examples
and, finally, pass to the comprehensive results obtained from a Monte Carlo study.
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It will turn out that the approximation precision of the macro-Mincer equation depends cru-
cially on the source of cross-country heterogeneity. As long as returns to schooling and work
experience A and y are fixed, the fit of the macro-Mincer equation is remarkably good (though
there might be some discrepancies between macro- and micro-level returns to schooling and work
experience). On the other hand, it is much worse if the returns parameters A\ and y are allowed to
be country-specific.

3.1 Setup of the numerical study

The numerical calculations are based on our theoretical framework from the previous section,
allowing for heterogeneity of human capital stocks across (but not within) cohorts, coupled with
a realistic survival law put forward by Boucekkine, de la Croix and Licandro (2002) and further
discussed by Azomahou, Boucekkine and Diene (2009). This survival law is given by the following
function m : [0, 7*] — [0, 1]:

e BT —
m(r) = ——, a>1,5<0. (40)
-«
The maximum lifetime of an individual is given by 7" = —h’Ta, whereas individuals’ life ex-
pectancy is calculated as £/ = % + (f‘_h;%

We shall consider the “S+W+R” scenario which is a reasonable first approximation of real
time profiles of schooling and work effort. We fix ¢ = 0, so that N = Ny and P(t,7) = P(71).
All functions defined originally on the real domain, i.e., m(7), P(7), h(7), y(7), ly (T), are now
discretized, i.e., evaluated on a finite grid of points in the domain. The parameters of our framework
are calibrated so that they roughly match their respective estimates based on real data. The baseline
calibration will be discussed in the following subsection.

For every parameter configuration, we are going to compute the “true” average human capital
stock in the population hpop and in the labor force Ay, as well as respective measures of cumu-
lative years of schooling ¢pop and q;r, and cumulative work experience x pop and xr, based on
our analytical framework. We shall identify each parameter configuration with a “country”, as-
suming that the micro-Mincer equation holds exactly in every country and there is no cross-border
migration of individuals between countries.

Obviously, if every country in the sample were endowed with exactly the same survival law
m(7), years of schooling S, retirement age R, magnitude of returns to education )\, and returns to
work experience ji, they would be homogenous in terms of their aggregate human capital stocks as
well. In such case, the macro-Mincer equation would be unidentified. Hence, to assess the approx-
imation precision of the macro-Mincer equation, we need to have a group of countries differing
in at least one parameter. In our numerical exercise, we will first vary each parameter separately,
and then we will covary them jointly, in selected configurations. Unless stated otherwise, we shall
assume that these parameters are equidistributed along a predefined interval.

The assumed survival law m(7) as well as the implied time profiles of individuals’ human
capital, cumulative years of schooling, and work experience, are illustrated in Fig. 1. Each of the
four lines on these pictures corresponds to a different configuration of «, 3, S, R, but the returns
A, i are fixed at their baseline values (see the next subsection).

Having obtained the direct, precise measures of average human capital stocks, we shall approx-
imate them with the macro-Mincer equation. The parameters of this (approximating) equation will
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Figure 1: Time profiles of selected variables.

be identified by estimating the regressions:

Inhpopi = ao+ aiqpopr; + asxpop; + &, (41)
Inhrr, = bo+biqrri + bexrpi + ;i (42)

with ordinary least squares, based on the artificial data computed from the “true” model. The
“goodness-of-fit” of the macro-Mincer equation to the “true” model will be assessed by comparing
the RR? of the regressions as well as within-sample mean absolute percentage errors (MAPE). We
shall also compare our macro estimates of returns to schooling a;, b; with the micro-level return
A (which is known a priori), to see if they are under- or overestimated in the macro data. The
same procedure will be applied to as, by and p, respectively. Thus we will also assess whether it is
reasonable to carry forward the micro-level magnitudes of returns A and p to macro data directly,
or some adjustment is necessary.

Concurrently, we shall also report the respective numerical results for simplified macro-Mincer
equations, obtained by omitting the experience variable, i.e., setting ay = b, = 0 in equations (41)—
(42). Comparing the estimates for these simplified specifications with their counterparts from the
fully specified macro-Mincer equations, we shall assess the magnitude of omitted variable bias
incurred in the estimation of the simplified equations.

The outcomes of our numerical exercises will be presented graphically in the form of plots
with four panels. In the upper panels we shall report actual and fitted country-level human capital
averages. We shall also provide the parametric form of the estimated regression equations there
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(both full and simplified). In the lower panels we shall report the residuals (actual minus fitted
values) together with the upper and lower bounds of their respective 99% confidence intervals.

3.2 Calibration

The baseline calibration for parameters used in our numerical exercise is the following: (a) follow-
ing Boucekkine, de la Croix and Licandro (2002), we assume o = 5.44, 3 = —0.0147, implying
a life expectancy of 73 years and maximum lifespan of 115 years; (b) the population growth rate
is set at n = 0.02 per annum, and the birth rate b is set to match this statistic given the assumed
survival law; (c) initial human capital is normalized to unity, hy = 1, without loss of generality;
(d) the micro-level rate of return to education is fixed at A\ = 0.06 per annum?; (e) the rate of return
to work experience is assumed to be p = 0.02 per annum; (f) the number of years of schooling is
set to S = 10 (ignoring 6 preschool years); (g) the retirement age is set at & = 59 (again, ignoring
6 preschool years) — so that the working age is calibrated as 16-65 years.

3.3 Heterogeneity in years of schooling

The first numerical experiment consists in generating a sample of countries differing only in the
number of obligatory years of schooling .S, holding all other parameters fixed at their baseline
values. Fig. 2 illustrates that in such case, the estimated macro-Mincer equation fits the “true”
relationship between average human capital and years of schooling almost perfectly, rendering a
negligible mean absolute percentage error. This applies particularly strongly to the macro-Mincer
relationship in the labor force. The simplified macro-Mincer equation, which omits the work
experience variable in the regressions, is also a reasonable approximation, albeit the residuals are
somewhat larger in its case.

In the case of hpop, the estimated macro-level return to schooling is higher than the micro-level
return A, and so is the macro-level return to work experience as compared to the micro-level return
. The relationships are reversed in the case of Ay . In the simplified macro-Mincer equation,
despite the arguably good empirical fit, returns to schooling are systematically underestimated.

3.4 Heterogeneity in retirement age

The second experiment consisted in considering countries differing in the retirement age R only,
holding other parameters fixed. The approximation of the “true” relationship between average hu-
man capital, years of schooling and work experience with the macro-Mincer equation is somewhat
worse in such case than in the previous one. The results can be seen in Fig. 3. The simplified
macro-Mincer equation is omitted there because it is unidentified when all countries share the
same S.

In the current case, the macro-level returns to schooling are underestimated as compared to
A, whereas the returns to work experience are overestimated as compared to p, both in the whole
population and in the labor force. Furthermore, the estimated log-linear equation cannot match the
curvature of the “true” relationship, leading to systematic errors.

9 According to Psacharopoulos and Patrinos (2004) data, the mean rate of return to an additional year of education
in European Union countries amounts to 6.5%, and goes up to 9.6% in the whole sample, which however exhibits
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Figure 2: Quality of approximation of average human capital with the macro-Mincer equation: the
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Figure 3: Quality of approximation of average human capital with the macro-Mincer equation: the
case of varying R.

substantial cross-country heterogeneity.
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3.5 Heterogeneity in life expectancy

As it is visible in Fig. 4, if the only source of cross-country heterogeneity is located in the parame-
ters of the survival law, o and /3, mapping uniquely into the measures of life expectancy £ and the
maximum lifespan 7%, the macro-Mincer equation fits the data almost perfectly again.!” The bias
in estimates of macro-level returns to schooling and work experience is small in the current case,
especially when the macro-Mincer equation for the labor force is considered.
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Figure 4: Quality of approximation of average human capital with the macro-Mincer equation: the
case of varying F for a fixed T™.

3.6 Heterogeneity in returns to education

As announced in the introduction, the situation becomes completely different, however, once one
allows for cross-country heterogeneity in the returns to education parameter A. The reason for this
result is that by construction, the macro-Mincer equation implies a unique value for the measured
returns to education at the country level. Hence, if actual returns have different magnitudes across
countries, the macro-Mincer equation misses all the relevant variation: the best it can do is to
capture the average level of returns across the whole sample. This is precisely what happens when
the equation is estimated with ordinary least squares.

0Fig. 4 considers the case where the parameters o and /3 are varied simultaneously in a way that the maximum
lifespan 7™ is kept constant. The alternative where « is varied keeping S constant (and thus both £ and 7™ are
variable) is available upon request. The results are qualitatively and quantitatively similar in both cases.
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Figure 5: Quality of approximation of average human capital with the macro-Mincer equation: the
case of varying \.

3.7 Returns to education and years of schooling

In our numerical study, we have also considered the case which allows for simultaneous variation
in returns to education A and in years of schooling S. Indeed, as it has been discussed in the
relevant literature (e.g., Bils and Klenow, 2000; Caselli, 2005), primary education tends to yield
higher returns than secondary education, and higher still than tertiary education.

A stylized representation of these findings within our framework would be to pose a strict
negative correlation between these two variables. Hence, we shall consider the case where there
is a functional, linear relationship: the higher is S, the lower is A. In fact, in cross-country data
on years of schooling and returns (Psacharopoulos and Patrinos, 2004), this correlation is indeed
negative, but not as strict: it amounts to -0.37.

The aggregation results obtained under such circumstances are presented in Fig. 6. As we
see, the macro-Mincer equation for the whole population misses the true human capital level com-
pletely. The macro-Mincer equation for the labor force fits the data surprisingly well, though,
yielding an R? just marginally short of unity, and very small residuals. It can be seen, however, that
the estimated parameters are two orders of magnitude away from their micro-level counterparts,
A = 0.06 and . = 0.02. This is because the estimated macro-Mincer equation tries to incorporate
the years of schooling—returns to schooling tradeoff in the macro-level returns to schooling and
work experience directly, which is at odds with the “true” model. Moreover, further numerical ex-
periments (available upon request) indicate that if the relationship between S and A were nonlinear,
the goodness of fit of the macro-Mincer equation would fall considerably, aligning again both with
the intuition and the results of our further numerical exercises, discussed in the next subsections.
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Figure 6: Quality of approximation of average human capital with the macro-Mincer equation: the
case of varying S, perfectly negatively correlated with a varying \.

3.8 Larger extent of heterogeneity

Let us now allow for substantially more heterogeneity in our artificial cross-country sample. We
are going to assess the approximation precision of the macro-Mincer equation in a case where the
country-specific number of years of schooling S, retirement age R, and survival law parameter «,
are drawn randomly from Gaussian distributions. The parameter R is generated independently of
the two other variables, whereas S and « are assumed to be positively correlated, capturing the
fact that in reality, wealthier countries tend to have both better education outcomes and a greater
life expectancy.

As shown in Fig. 7, the macro-Mincer equation fits the “true” human capital levels remarkably
well in the current case, despite substantial cross-country heterogeneity. The reason is that the two
key parameters — rates of return A and p — are assumed to be the same across the countries. These
two parameters are rather imprecisely estimated in the case of the whole population, though.

In comparison to the fully specified macro-Mincer equation, its simplified version which omits
the experience variable provides a relatively inferior fit to the data — though still potentially accept-
able in some applications.

3.9 Accounting for human capital depreciation

As an interesting extension of the numerical exercises presented above, we have also considered the
case which allows for gradual human capital depreciation within individuals’ lifetimes (interpreted
as forgetting, obsolescence of acquired skills, etc.). The human capital accumulation equation is
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Figure 7: Quality of approximation of average human capital with the macro-Mincer equation: the
case of randomly varying S, R, a.

then modified in the following way:

1. 7) = MG 7) + (G, 7) — GG, 7). @3)

The parameter 6 > 0 captures the rate of human capital depreciation. This equation can be straight-
forwardly integrated, yielding:

h(t — 7,7) = hgexp /\/ Up(t — 7, 5)ds —|—u/ Uy (t —T,8)ds —oT| . (44)
0 0

Vo Vo
years of schooling work experience

An example of human capital evolution across individuals’ ages is provided in Fig. 8. We make a
baseline calibration of 6 = 0.01 in this example, so that the assumed human capital depreciation
rate is lower than returns to schooling and work experience — and thus the net effect of both activ-
ities remains strictly positive. Human capital gradually decays for the retired population, though.

Fig. 9 illustrates that allowing for human capital depreciation does not overturn the conclusion
that the macro-Mincer equation fits the data remarkably well if rates of return A and p are constant
across countries. In fact, the individual impact of human capital depreciation on the goodness-of-fit
statistics of the macro-Mincer equation is rather negligible.

Like in the case without human capital depreciation, the situation becomes vastly different,
however, once the returns parameters A and p are allowed to vary across countries. In that case,
the macro-Mincer equation cannot match the assumed heterogeneity, leaving a very large part of
human capital variation unexplained. In result, the R? of the macro-Mincer regression depends
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Figure 9: Quality of approximation of average human capital with the macro-Mincer equation: the
case of randomly varying S, R, o, controling for human capital depreciation.

crucially on the magnitude of variation of A and p in the sample. In Fig. 10, both are assumed to
have a standard deviation of 0.01 which is rather large. We are also maintaining that S, R and «
are randomly drawn for each country, like in section 3.8. In the current numerical exercise, all five
parameters S, %, v, A, pu are generated independently.
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Figure 10: Quality of approximation of average human capital with the macro-Mincer equation:
the case of randomly varying S, R, a, A, i1, controling for human capital depreciation.

3.10 A Monte Carlo study

Having illustrated the approximation precision of the macro-Mincer equation on the basis of a few
numerical examples, let us now address this issue more systematically. To this end, we shall carry
out a Monte Carlo study based on B = 2000 iterations of the numerical exercise described above,
with all five parameters randomly varying, and accounting for human capital depreciation with
0 = 0.01. In each of the iterations, the sample consists of 100 hypothetical countries, for which
we compute the “true” human capital stocks. Then we estimate the macro-Mincer equation across
the countries. We collect the estimates of the macro-Mincer equation from each iteration of the
Monte Carlo procedure, as well as goodness of fit measures, i.e, the R? and MAPE, to be reported
in Table 3.

It is instructive to repeat our Monte Carlo study for various levels of variability in the key
variables of interest: returns to schooling A and returns to work experience p. It is confirmed that if
these two parameters are known with certainty, the macro-Mincer equation fits the data remarkably
well, but its fit deteriorates rapidly once the returns are allowed to vary across countries.

Figures 11-12 present histograms of the results obtained for rather large (S.D.(\) = S.D.(u) =
0.01) and very small (S.D.(\) = S.D.(u) = 0.001) variability in A and p, respectively. Quantita-
tive results, including also the case of zero variability in A and i, are collected in Table 3. It must
be noted that even our case of “large” variation in returns remains rather conservative as compared
to Psacharopoulos and Patrinos (2004) data. In their cross-country dataset, the (unweighted) aver-
age return on an additional year of schooling across the world is 9.6%, with a standard deviation
of 4.3%, 1.e., the estimated standard deviation is about four times larger than in our case of “large”
variability of returns. Under such circumstances, the fit of the macro-Mincer equation to the data
must be expected to be very poor.
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Figure 11: Quality of approximation of average human capital with the macro-Mincer equation:
the case of randomly varying S, R, a, A, 4, controling for human capital depreciation. A Monte
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4 Conclusion

The purpose of this article has been to emphasize two important theoretical points, not addressed so
far in the literature, and to augment these findings with a quantitative edge. First, based on a gen-
eral framework for computing the aggregate human capital stock under heterogeneity across (but
not within) cohorts, building on Growiec (2010), we have shown that the log-linear relationship
between human capital, years of schooling and work experience is generally lost upon aggrega-
tion. More precisely, we have found that even if the cross-sectional “micro-Mincer” relationship
does hold at the level of individuals, the “macro-Mincer” equation can be obtained only in very
special cases. All of the cases which we were able to identify require the aggregated individuals to
have an equal number of years of schooling. In the case where individuals first attend school full
time and then work full time until death, the “macro-Mincer” equation requires the demograph-
ical survival law to have the “perpetual youth” property (Blanchard, 1985), which is empirically
implausible. In the case where people also retire at a certain age, the “macro-Mincer” equation
cannot be recovered under any admissible survival law.

Secondly, we have demonstrated an important difference in aggegation results whether human
capital stocks in the whole population or in the labor force are considered. In particular, the
“macro-Mincer” relationship can only be obtained (under additional restrictions) for the latter case
but not for the former.

Thirdly, we have also shown numerically that the macro-Mincer equation can be perceived as
a reasonable approximation of the true relationship between average human capital stocks, years
of schooling, and work experience, if and only if returns to schooling and work experience are
constant (or roughly constant) across countries, with the observed heterogeneity coming from dif-
ferences in the number of years of schooling, retirement age, or demographical survival laws. In
the real world, however, cross-country heterogeneity in returns to education tends to be sufficiently
large to guarantee that the macro-Mincer equation is an insufficient approximation of the data.
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